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preface 


This volume is one of a series designed specifically to teach elec- 
tricity. The series is logically organized to fit the learning process. 
Each volume covers a given area of knowledge, which in itself is com- 
plete, but also prepares the student for the ensuing volumes. Within 
each volume, the topics are taught in incremental steps and each topic 
treatment prepares the student for the next topic. Only ome discrete 
topic or concept is examined on a page, and each page carries an illüs- 

' tration that graphically depicts the topic being covered. As a result of 
this treatment, neither the text nor the illustrations are relied on solely 
as a teaching medium for any given topic. Both are given for every 
topic, so that the illustrations not only complement but reinforce the 
text. In addition, to further aid the student in retaining what he has 
learned, the important points are summarized in text form on the 
illustration. This unique treatment allows the book to be used as a con- 
venient review text. Color is used not for decorative purposes, but to 
accent important points and make the illustrations meaningful. 

In keeping with good teaching practice, all technical terms are defined 
at their point of introduction so that the student can proceed with con- 
fidence. And, to facilitate matters for both the student and the teacher, 
key words for each topic are made conspicuous by the use of italics. 
Major points covered in prior topics are often reiterated in later topics 
for purposes of retention. This allows not only the smooth transition 
from topic to topic, but the reinforcement of prior knowledge just before 
the declining point of one's memory curve. At the end of each group 
of topics comprising a lesson, a summary of the facts is given, together 
with an appropriate set of review questions, so that the student himself 
can determine how well he is learning as he proceeds through the book. 

Much of the credit for the development of this series belongs to 
various members of the excellent team of authors, editors, and tech- 
nical consultants assembled by the publisher. Special acknowledgment 
of the contributions of the following individuals is most appropriate: 
Frank T. Egan, Jack Greenfield, and Warren W. Yates, principal con- 
tributors; Peter J. Zurita, Steven Barbash, Solomon Flam, and A. Victor 
Schwarz, of the publisher's staff; Paul J. Barotta, Director of the Union 
Technical Institute; Albert J. Marcarelli, Technical Director of the 
Connecticut School of Electronics; Howard Bierman, Editor of Electronic 
Design; E. E. Grazda, Editorial Director of Electronic Design; and 
Irving Lopatin, Editorial Director of the Hayden Book Companies. 


HARRY MILEAF 
Editor-in-Chief 
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This volume describes circuits that contain: 


Resistance and Inductance Resistance and Capacitance 


R 
E 
L 
Inductance and Capacitance 
L 
| iL C 
E 


In Volume 3, you learned the properties of alternating current and 
: how it is used. You also learned about inductance and capacitance, 
and were shown how to analyze.a-c circuits that contain resistance, 
inductance, or capacitance. Volume 3 was limited, however, to circuits 
having only one of these circuit elements. The operation of circuits 
having two of the elements, such as resistance and capacitance or re- 
sistance and inductance, or even all three of the elements, was not 
covered. These more complex circuits are the major subject of this 
volume. You will learn how to analyze and solve circuits that contain 
both series and parallel combinations of resistance and inductance; re- 
sistance and capacitance; inductance and capacitance; and inductance, 
capacitance, and resistance. You will also learn some of the unique 
applications of these circuits. 

Much of the material in this volume is based on the phase relation- 
ships between the voltages and currents in the various circuits. These 
relationships can be both explained and understood more easily if 
vectors are used to describe them. Therefore, before the actual circuits 
are described, a basic description of vectors and their use in electricity 
will be given. 


4-2 VECTORS : 


review of LCR phase angles 


You will remember from Volume 3 that the term phase angle is used 
to describe the time relationship between a-c voltages and currents, 
as well as to specify a position or point in time of one a-c voltage or 
current. For example, if two a-c voltages are of opposite polarity at 
every instant of time, they are 180 degrees out of phase, or the phase 
angle between them is 180 degrees. Similarly, if a current reaches its 
maximum amplitude after one-quarter of its cycle, or 90 degrees, 
maximum amplitude is said tò occur at a phase angle of 90 degrees. 


— Voltage 
5 Q e gi 


Current. 


190° 1809. 
9» | IN 
Phase? — 
Angle 


Purely Inductive Circuit Purely Capacitive Circuit 


In a purely resistive circuit, the phase angle between the voltage 
and current is zero, In a purely inductive circuit, the phase angle 
is 90°, with the voltage leading. In a purely capacitive circuit, 
the phase angle is 90°, with the current leading 


You also learned in Volume 3 that there are very definite phase re- 
lationships between the applied voltage and the circuit current in purely 
resistive, purely inductive, and purely capacitive circuits. These rela- 
tionships can be summarized as follows: 

1. Ina purely resistive circuit, the voltage and current are în ig f 

2. In a purely inductive circuit, the applied voltage leads the CUT 

rent by 90. degrees. 

3. In a purely capacitive circuit, the current leads the applied 

voltage by 90 degrees. 
You already know how these relationships can be described using 
voltage and current waveforms. However, there is another, and often 
easier, way to express these same relationships. This is by using vectors. 


ase. 
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Every physical quantity has magnitude. The terms "5 apples,” “5 
days,” and “5 ohms” all express physical quantities, and each is com- 
pletely described by the number 5. There are some quantities, how- 
ever, that are not completely described if only, their magnitudes are 
given. Such quantities have a direction as well as magnitude, and with- 


out the direction these quantities are meaningless. For example, if 


A Vector Has Magnitude and Direction 


Temperature 
isa 
Vector 
Quantity 
Humidity c *F 
isa 
Scalar 
Quantity 


100— —212 


[^] 
m 


1 
2 


Humidity is:a scalar since it is Temperature is a vector since it 
completely described by a has a direction (above or below 
magnitude only zero) besides a magnitude 


someone were to ask you how to get from Chicago to Milwaukee, and 
you told them to drive 80 miles, this would be meaningless. But if 
you said to drive 80 miles north, your directions would be complete. 
The quantity “80 miles north” thus has a magnitude of 80 and a direc- 
tion of north. ( 

Quantities that have only magnitude are called scalars. Those that ' 
have magnitude and direction are called vectors. 
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graphical representation 


* Graphically, a vector is representéd by a straight line with an arrow- 
head at one end. The length of the line is proportional to the magnitude 

- of the vector quantity, and the arrowhead indicates the direction. When 
a vector is drawn on a graph, the direction of the vector is usually 
represented by the angle it makes with the horizontal axis. The hori- 
zontal axis thus serves as the reference line from which the direction 
of the vector is measured. You will learn later that in actual practice 
this reference point can be a direction, such as north, or a position 
in time, such as the zero-degree point of a sine wave. 


Termination 
or Head 


rigin or Tail \ 


SA RATS 


FA . These are vectors 


This vector quantity as this 
cY is twice as large vector quantity 
The length of a vector is 
proportional to the magnitude 
of the quantity it represents 
, This vector quantity as this 
is one-third as large vector quantity 


These two vector These two vector 
quantities are in quantities are at The arrowhead on a vector 
Opposite directions right angles to each other shows the direction of the 


vector quantity 


— M 


The-dyection of The direction of | 
On a graph, the direction of a this veotor is 30° ` this-vector is 45 
vector is the angle it makes from the;X-axis northeast d 
with the horizontal axis Sd E RM 
1 or 


d ° Ais 
2 X East 
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working with vectors 


Since vectors represent physical quantities, they can be added, sub- 
tracted, multiplied, and divided the same as other physical quantities. 
In your work with electricity, you will normally only be interested in 
the addition and subtraction of vectors. Because of this, vector multi- ` 
plication and division will not be covered in this volume. 


Vector Quantities Can Be Added and Subtracted 


VECTOR PLUS VECTOR = RESULTANT 


pM 


VECTOR MINUS VECTOR 5 RESULTANT 
E 

: u 

` | 

———À i | 


When vectors are added or subtracted, the result is 
also a vector, and is called the resultant vector, or just 
a resultant 


The methods used to add and subtract scalar quantities cannot bes 
used for vector quantities. The fact that vectors have direction, as well 
as magnitude, makes it necessary to add and subtract them geometri- 
cally. As a result, the adding and subtracting of vectors is a combina- 
tion of geometry and algebraic addition and subtraction. 

There are various methods you can use when adding or subtracting 
vectors. The particular method you select will depend on the relative 
directions of the vectors involved. 
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North 


West 


‘Car travels 5 miles 


north 


0 


VECTORS 


North 


West East 


East 


Car travels 3 miles 
farther north 


Second 
Vector 


First 
Vector 


West 


Individual lengths are 
added by being placed 
head to tail on 

same graph 


North North 


Resultant 
Vector 


East — West East 


0 


the same direction 


adding vectors that have 


the same direction 


Length of resultant vector 
is equal to the sum of 
individual lengths, and has 


To add vector quantities that have the same direction, you simply 
add the individual magnitudes. This gives you the magnitude of the 
resultant. Its direction is the same as the direction of the individual 
vectors. An example of this would be a car that traveled 5 miles north 
from a starting point. This motion could be represented by a vector 
pointing north, and having a length corresponding to 5 miles. If the 
car then traveled 3 miles farther, still going north, the additional 
motion could be represented by another vector. This vector would also 
point north, but would have a length corresponding.to 3 miles. The 
total motion of the car, or its final position, can be found bygadaing 
the lengths of the two vectors and assigning the resultant a direction 
of north. The resultant then shows that the car has traveled a total 
of 8 miles north of the starting point. 


Ej Vector 


E2 Vector 


Series Aiding Batteries 


Having the Same Direction 


is an Example of Adding Vectors 


0 
Resultant Vector = E] + E2 


X 


| 


E2- 
| 2 Volts 
E? Vector 
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North North 
West East 
| First North 
Vector 
South Resultant 
Vector 
West 0 East haste g East West 0 East : 
A Second 
Vector 
South 
Car travels 5 miles Car then travels 3 — Both vectors are put Length of resultant vector 
North miles south on the same graph with is the difference between 
their tail at the the individual lengths and has 


zero reference point the direction of the larger 


adding vectors that have 
opposite directions 


To add vector quantities that have opposite directions, subtract the 
one with the smaller magnitude from the one with the larger magni- 
tude. This gives the magnitude of the resultant. The direction of the 
resultant is the same as that of the larger vector. You can see from 
this that if one vector is added to another that has the same magnitude 
but opposite direction, the resultant is zero. 

An example of the addition of vectors that have opposite directions 
is shown. If a car travels north for 5 miles, the vector representing the 
motion points north, and has a length corresponding to 5 miles. If the 
car then travels 3 miles south, the vector representing this additional 
motion points south, and has a length corresponding to 3 miles. The 
resultant of these two motions is found by adding the two vectors. 
Since their directions are opposite, this is done by subtracting the 
smaller vector (3 miles) from the larger vector (5 miles), and assign- 
ing the resultant the direction of the larger vector (north). The re- 
sultant then shows that after the two motions, the car is at a position 
2 miles north of the starting point. 


E; Vector 
Eley Ses 
5 Volts 


Series Opposing Batteries is an 
Example of Adding Vectors 
That Have Opposite Directions 


Aa 


0 
Resultant Vector = Ej + E» 


0 


48 /—— VECTORS 


adding vectors 
by parallelogram method 


When vectors are neither in the same nor in opposite directions they 
can be added graphically and their resultant found by means of the 
vector parallelogram method. You will remember from mathematics 
that a parallelogram is a four-sided figure whose opposite sides are 
equal in length and parallel to each other. To add two vectors using the 
parallelogram method, the vectors must first be placed “tail to tail.” 
A parallelogram, then, is constructed by using the. vectors. The 
diagonal of a parallelogram so constructed from the tail of the vectors 
is the resultant of the two vectors. The length of the diagonal is the 
length of the resultant, and the angle between the diagonal and the 
horizontal axis (0) represents the direction of the resultant. 

The parallelogram method can be used to add more than two 
vectors. To do this, you first find the resultant of any two of the vectors. 
You then use this resultant with one of the remaining vectors, and 
find the resultant of that combination. This resultant is then used 
with another vector, and so on, until the overall resultant has been 
found for all the vectors. 

You can see that the parallelogram method is primarily a graphical 
method for adding vectors. It requires the use of a ruler and a pro- 
tractor, and at best is only fairly accurate, unless great care is taken. 
For this reason, you will find that you very rarely use the parallelogram 
method to find numerical solutions to vector addition problems when 
working with electricity. It is nevertheless important to understand, 


since it is often used to analyze and describe relationships between 
vector quantities. 


Constructing a Vector Parallelogram 


Y Y 7. 
A 

V a ath 

Ua at l 
V V 
2 V 

0 X 0 2 

(A) 


To add two vectors 


Resultant 
Y p, 


B) Fi i : 
Ge place them tail (C) Then construct.a (D) The diagonal of the 


parallelogram using the arallelogram is the 

vectors * two of the Posultsnb The length of 

SS the diagonal is the 
magnitude and the angle 
a is the direction of the 
resultant 
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adding vectors 
by triangle method 


Another method for graphically adding vectors is called the vector 
triangle method. As its name implies, the triangle method involves 
the construction of a triangle to determine the resultant vector. To 
use the method for adding two vectors, the vectors are first placed 
“head to tail.” A line is then drawn connecting the tail of the first 
vector with the head of the second. This is the resultant of the two vectors. 


Constructing a Vector Triangle 


M 
5 v 
vi 
Vi V2 
0 X 
(A) To add two vectors (B) First place them head to tail 


(C) The line that closes the figure to form a triangle is the resultant. The length 
of the line is the magnitude, and the angle @ is the direction of the resultant 


The triangle method can be used when there are more than two 
vectors involved. To do this, all of the vectors are connected "head to 
tail." A line is then drawn from the tail of the first vector to the head 
of the last vector. This line is the total resultant of all the individual 
vectors. 


The triangle method can be used to find 
the resultant of more than two vectors 


Like the parallelogram method, the triangle method is used mainly 
to analyze and describe relationships between vector quantities, rather 
than to obtain numerical solutions to vector additions. 
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adding vectors 
that are 90 degrees apart 


A very special case of vectors that are neither in the same nor in 
opposite directions are those that are 90 degrees apart. As you will 
learn later, these are especial important in electricity because of 
their relationship to the 90-degree phase difference that exists between 
the voltage and current in inductive and capacitive circuits. 


Y 
Two vectors that are 90° apart can be added 
graphically using the vector triangle method. 
N The resultant and the two vectors form a 
3 S 3 ‘ight triangle, so the magnitude of the 
SS resultant can be calculated by the Pythagorean 


Theorem 
Isle de 0 X 


4 4 


Graphically, two vectors that are 90 degrees apart can be added 
using either the parallelogram method or the triangle method. When 
vector addition is done, the resultant is the hypotenuse of a right tri- 
angle whose other two sides are the vectors being added. Because of 
the properties of the right triangle, summarized on pages 4-11 and 4-12, 
the magnitude and direction of the resultant can easily be calculated. 
As shown, if the magnitudes of two vectors are known, and the vectors 
are 90 degrees apart, the magnitude of the resultant can be calculated 
by the Pythagorean Theorem (c?— a? + b?). The direction of the o 
sultant, which is the angle (8) between it and the horizontal axis, 
can then be found using the trigonometric relationship between the 
sine of the angle and the sides of the triangle. 


(Resultant)? = a? + b? 


c2 = a2 + p2 Resultant = Vat + p? 
49551 -y5-5 


The direction of the resultant can be found using the 


Pythagorean Theorem 


5 trigonometric relationship: 
3 sing Poste agr 
: 9 hypotenuse 5 — UG 
1 X 


o 
From a table of trigonometric functions, therefore: 0 = 36.9 
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properties of 
the right triangle 


This is And this And this 


a right is a right also is a 
triangle triangle ` right triangle 


A right triangle is one that 
contains a 90 angle 


C The side of the triangle op- 
O> posite the 90° angle is call- 
yN ed the hypotenuse 
Hypotenuse 
The lengths of the three 
c sides of a right triangle are 
a related by the Pythagorean 
Theorem: 
c? — a? 4- b2 
The three sides If any two sides + b2 where c isthe length of the 
are designated a, are known, the Neo 2 hypotenuse, and a and b 
b, and c, with c third side can be c =Va? + p? are the lengths of the other 
beiñg the found by the =V16+9 two sides 
hypotenuse Pythagorean Ü Ve 
Theorem = "5 


The sum of the three 
angles in any right triangle 
is 180° 


90° +68°+ 22°= 180° 
90° 45^: 45°= 180° 90° + 30% 60°= 180° 


The properties of the right triangle are continued on the next page. 
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properties of 
the right triangle (cont.) 


length of side 


Sine of — Opposite angle 
either angle — jength of hypotenuse 


EXAMPLE: 
sin 9 = 4/5 
4 


= 0.8 

The two angles of a right triangle smaller 
than 90° are related to the lengths of the 
sides by the trigonometric relationships 

of sine, cosine, and tangent 

length of side 


Cosine of —— adjacent to angle 


A AS Angle 
either angle length of hypotenuse 


EXAMPLE: 
5 4 s 9 = 3/5 
= 0.6 


Once the value of the sine, cosine, or 
tangent of an angle is known, the size of 
the angle, in degrees, can be found i Y 

3 igonometric function: 
length of side standard tables of trigon 


Tangent of —- __ opposite angle 


either angle — length of side 
adjacent angle 


EXAMPLE: 


5 tan @ = 4/3 
4 


A = 1.33 


Since cos = a/c 


d the 
ac Xe If the length of the hypotenuse an 
/ b angle Between it and one of the other 


; sides is known, the length of the E 
and since sin g = b/c two sides can be found using 


rj " ine or 
trigonometric relationships of sine 
E. 
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subtracting vectors 


To subtract one vector from another, add the negative equivalent 
of the vector to be subtracted to the other vector. This means that once 
the vector to be subtracted has been converted to its negative equiva- 
lent, the two vectors are merely added using whichever of the methods 
of vector addition that is appropriate. 

The negative equivalent of a vector is obtained by rotating the vector 
180 degrees. The magnitude of the vector is thus the same, but its 


direction is reversed. 


Original 
MESSI 
Original 
180° Vector 
180° 
Rotated Rotated 
Vector Vector 


Since there are 360° in a full rotation, a a 


This Minus This Plus 
Vector This Vector This 
Vector Vector 
IS 
IDENTICAL 4 
TO 


Vector subtraction is identical to vector addition, 
except that the vector to be subtracted is 
rotated 180° 


vector is rotated 180°, it turns half a rotation and ae Minus ES 
points in the opposite direction. The rotation M A This = Wu Plus 
has no effect on the magnitude of the vector ector Vector O ThS Nacion 
To subtract vectors using the parallelogram method 
Y Y 
Vi Vi 
V. 
i 180° XE 
zx. X 
(A) Arrange the vectors (B) Rotate the vector to 
tail-to-tail be subtracted 180° 
Y 
MI 
7 2 
/ 
ELT X 
Morc RR 
Pd 
É 4 


(C) Draw the vector 
parallelogram 


(D) Draw the diagonal of 
the parallelogram 


4-14 SUMMARY AND REVIEW QUESTIONS 
. summary 


O Phase angles are used to-describe the time relationships between a-c volt- 
ages and currents. They also specify the position or point in time of one voltage 
or current. [] In a purely resistive circuit, the voltage and current are in 
phase. In a purely inductive circuit, the applied voltage leads the current 
by 90 degrees. [1] In a purely capacitive circuit, the current leads the applied 
voltage by 90 degrees. Quantities that have magnitude only are called 
scalars; those having both magnitude and direction are called vectors. O 
Vectors are often used to express voltage and current relationships. 


L] Vectors that have the same direction can be added by simply adding the 
magnitude of the individual vectors. O The sum of the vectors that have 
opposite directions is a vector whose magnitude is the difference of the two 
vectors, and whose direction is the same as that of the larger vector. O The 
parallelogram method is used, in general, to graphically add two vectors. C 
Another method for graphically adding vectors is the triangle method. This 
is also called the “head-to-tail” method. 


L] The resultant of two vectors that are 90 degrees apart can be calculated 
, using the Pythagorean Theorem: c? = a? + b?. O The trigonometric functions 
of the angles of right triangle are sine — opposite/hypotenuse; cosine — ad- 
"jacent/hypotenuse; tangent = opposite/adjacent. [] To subtract vectors, the 
negative of the vectors to be subtracted is added to the other vector. The 
negative equivalent of a vector is obtained by rotating the vector 180 degrees. 


review questions 


1. What is the phase relationship between the voltage and cur- 
rent in a purely inductive circuit? 
2. What is the phase relationship between the voltage and cum 
rent in a purely capacitive circuit? 
3. What is the phase relationship between the voltage and cur- 
rent in a purely resistive circuit? 
4. How are vectors having the same direction added? 
5. How are vectors having opposite directions added? 
6. Does the parallelogram method for adding vectors use the 
head-to-tail method? 
. Is the triangle method for adem vectors à graphical 
method? 
. What is the Pythagorean Theorem? 
. What is meant by the sine, cosine, and tangent of a 
. How are vectors subtracted? 


n angle? 
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separating vectors 
into componenis 


Every vector can be separated, or resolved, into two other vectors 
that are 90 degrees apart, and which when added will produce the 
original vector. These two vectors are called the components of the 
original vectors. One of them is in the horizontal direction, and is called 
the horizontal component; the other is in the vertical direction, and is 
called the vertical component. In effect, the two components divide the 
magnitude of the original vector, and show how much of the magnitude 
is in the horizontal direction and how much is in the vertical direc- 
tion. 


EAT \ 


This is also the 


Vertical |. vertical component 
Component 
(vy) Vy = Vsin 0 


Horizontal Component (Vy) 


The projections of a vector on the 
horizontal and vertical axes are the 
horizontal and vertical components 


Vy = Vcos 0 


From the trigonometric relationships 
between the sides and angles of a 
right triangle, the vertical projection, 


which is the vertical component, is 
Vy = Vsino 

And the horizontal projection, which 

is the horizontal component, is 


Vy = Vcos 0 


As illustrated, a vector and its two components form a right triangle. 
You will remember that, in a right triangle, if you know the length of 
the hypotenuse and one of the angles besides the right angle, you can 
calculate the lengths of the other two sides using the sine and cosine 
functions. Therefore, if you know the magnitude and direction of a 
vector, you can use the sine and cosine functions to find its components. 
The horizontal component is found by i 


Horizontal component = original vector X cos 9 


And the vertical component by: \ 
Vertical component = original vector x sin 0 


where @ is the angle between the original vector and the horizontal 
; à 
axis. 
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adding vectors 
by components 


You may wonder why it would ever be desirable to resolve vectors 
into their components. The primary reason is that it makes the addi- 
tion of vectors much easier. When vectors are to be added, they can 
first be resolved into their components. The individual horizontal com- 
ponents can then be added to find the total horizontal component. 
Similarly, the vertical components can be added to find the total vertical 
component. These total components are the components of the resultant 
vector, and are 90 degrees apart. So the resultant can be found by add- 
ing the total components using the standard methods for solving right 
triangles. 

) The previous method is not used for adding vectors that are in the 
same or opposite directions or are 90 degrees apart, inasmuch as rela- 
tively simple methods already exist for adding these vectors. 


VAV 


75° 


As an example of adding vectors by components, the three vectors 
shown will be resolved into their components and then added. The 
horizontal component of eacli vector is found using the equation 
Vg — V cos 0. Therefore, V 


Vm —4 X cos 75° = 4 X 0:2588 = 1.14 
Vue = 2X cos 45? = 2 X 0.7071 = 1.41 
Vus = 3 X cos 30° = 3 X 0.866 —2.6 


The vertical component of each vector is found next, using the equa” 
tion V, = V sin 6. 
Vy, —4 X sin 75° = 4 X 0.9659 = 3.86 
Vy2 — 2 X sin 45° —2 x 0.7071 = 1.41 
Vy =8 X sin 30° = 3 x 0.5000 = 1.5 
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adding vectors 
by components (cont.) 


The total components are now found by adding the individual com- 
ponents. The horizontal component, Vy, is 


Va = Vin + Vne + Vus 
= 1.14 + 1.41 + 2.6 = 5.15 


The total vertical component, Vy, is 


Vy = Vyi + Vyo + Vys 
= 3.86 + 1.41 + 1.5 = 6.77 


These total components are now added vectorially to find the magni- 
tude of the resultant vector. Since the components and the resultant 
form a right triangle, the Pythagorean Theorem is used. 


c? = a? + b? 


c= Va +b? = V(6.15)2 F (6.77)? 
= V26.5 + 45.8 = V72.3 = 8.5 


The magnitude of the resultant is thus 8.5 units. Before the vector can 
be drawn, though, its direction must be determined. This is done by 
using the relationship between the tangent of the angle enclosed by 
the resultant and the horizontal axis, and the two components. 

Once the tangent of the angle is known, the angle itself can be found 
from a table of trigonometric functions. In this case, the angle is ap- 
proximately 53 degrees. The sum of the three original vectors, therefore, 
is a vector that makes an angle of 53 degrees with the horizontal axis, 
and that has a magnitude of 8.5 units. 


Resultant 
(8.5 units long) 
53° 
X 
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vectors associated 
with sine-wave phase angles 


As was pointed out at the beginning of this volume, vectors are very 
useful for expressing the phase difference, or phase angle, between 
a-c voltages and currents. When used in this way, the a-c voltage or 
current is the physical quantity represented by the vector. As with all 
vectors, the length of, say, a voltage vector corresponds to the ampli- 
tude of the voltage. The direction of the vector, however, does not rep- 
resent the direction of the voltage. Actually, the direction of the vector 


Resistive Circuit Inductive Circuit Capacitive Circuit 


Voltage a Current 


Current Voltage age 


Vectors are used to show the phase difference, 
or phase angle, between a-c voltages and 
currents, They are also used to show the 
phase relationships between two or more 
voltages, as well as between two or more 
currents — ' 


| Current 2 


90° 


180° 
Current 1 


180° 


Voltage 2 Voltage 1 Current 1 


Current 3 Voltage 1 " 


90° 
Voltage 2 


180° 


Voltage 3 


is meaningless in itself, and only becomes significant when it 15 ds 
pared to the direction of another voltage or current vector. Thus, t 
difference in direction between a-c voltage and current vectors ÍS what 
is important. This difference is expressed in degrees, and represents 
the phase difference between the two vector quantities. 

A-c vectors are called rotating vectors, since they represent sine-wave 
. quantities, which as you have learned are based on the rotation of the 
armature of an a-c generator. 
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graphical representation 
of rotating vectors 


A-c, or rotating, vectors show both the amplitudes and the phase 
relationships between sine-wave voltages -and currents. The length of 
the vector shows amplitude, while the angle between the vectors shows 
the phase. Also, the position of the vectors shows which is leading and 
which is lagging. 


90° 90° 

Vector A Leads 

the Reference Vector 
A 


Reference Vector 
180° 


Qo 
B 
Vector B Lags 

the Reference Vector 


270° 270° 
A-c vectors can have a direction corresponding In any graph of a-c vectors, one vector serves 
to any angle from 0 to 360° measured from the as the reference vector, and points in the 0° 
feference direction of 0° direction, Vectors above the horizontal axis 


lead the reference vector, and those below lag it 


As you can see, a vector graph is divided into 360 degrees, corre- 
sponding to one full sine-wave cycle. The starting, or reference, point 
of zero degrees is horizontally to the right, and the phase angles of 
other vectors are compared to this reference. Vectors that lead the 


reference vector are above the horizontal axis, and those that lag are 
below. E 


90° 90° 


This is not 
fete the phase angle the phase angle 
225° 


180° 0° 180° y 
N 
This is not 22° 


This is the phase angle 
the phase angie 


270° 270° 

The angle between any vector and the reference vector is measured in the direction that will 
make it less than 1809, Thus, the phase angle between the reference vector and a vector that 
leads it is measured in a counterclockwise direction starting from the reference vector. The 
angle between the reference vector and a vector that lags it is measured in a counterclockwise 
direction starting from the lagging vector 
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90° 


Voltage 
(3 Volts rms ) 90° Current 


180° 0° 360° 
Current 
(1 amp rms) 
270° Both the vector and the waveform show that 
t voltage leads the current by 90°. The 


vectors,though, show effective values of 
the voltage and current, while the waveforms 
show instantaneous values +» 

~~ 


vectors vs. waveforms 


Both a-c vectors and waveforms show the amplitudes and phase re- 
lationships of a-c voltages and currents. One important difference, 
though, is in the type of amplitudes shown. A waveform shows all of 
the instantaneous values of current or voltage throughout the complete 
sine-wave cycle. A vector, on the other hand, shows only one value, 
since its length is fixed. This value can be the peak, average, or effective 
value, depending on the particular situation in which the vector is used. 
If the length of the vector is proportional to the peak amplitude, its 
vertical component is proportional to the instantaneous amplitude for 
any given phase angle. Therefore, if a vector corresponding to the peak 
amplitude of a voltage or current is rotated through 360 degrees, as 
shown below, the magnitude of its vertical component will trace out 


the waveform that corfesponds to the vector. 


p m ETT 
If a vector whose length is proportional to the peak value of the voltage Of 
Current is rotated through 360°, the vector's vertical component will trace 
the voltage or current waveform 


You should not think that just because vectors show only a fixed 
value of voltage or current that their use is thereby limited. They ean 
represent average, effective, or peak amplitudes, and in solving practical 
problems, these are the values you will usually be working with. 
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vectors of purely resistive, 
inductive and capacitive circuits 


The following are vector representations, and the corresponding 
waveforms, of the currents and voltages in purely resistive, inductive, 
,and capacitive circuits. 


Purely Resistive Circuit 


Applied 
CONS Voltage 


Current and voltage 
360° ae in phase 


270° 
Purely Inductive Circuit 
90° s 
sge Von, 2s 
4 
Applied ‘i = A 
oltage Applied voltage leads 
‘a Current current by 90°, Back emf 
} is 180° out of phase with 
Back} applied voltage, and lags 
ENE current by UES “N 
270° 
^ Counter 
Counter | Appl = 
Voltage pplied voltage Tags 
sc" Current y current by 90°. Counter 
0 voltage is 180° out of 
: phase with applied voltage 
UA and leads current by 300 d 
- 270° Voltage 
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solved problems 


VR 


V7 100 
V2 = 100 volts 
V27100 
270° 


Problem 1. If two voltages with equal amplitudes are 90 degrees 
apart, as shown, what is their sum? 


Since the two voltages are 90 degrees apart, their vectors form a 
right triangle with the resultant.. The Pythagorean Theorem can, 
therefore, be used to calculate the magnitude of the resultant. 


Vy? = Vi? + V2? 
Vy = VVE + V = V(100)? + (100)? = v 20,000 = 141 volts 


The amplitude of the resultant is therefore 141 volts. Its phase re- 
lationship must now be found. This is done using the trigonometric 
relationship between the tangent of the angle 0, and the two sides of 
the vector triangle. 


opposite side 


Ng MI FATE adjacent side 
Vi =100 
NM. 
V2- 10 VOS 


^ B n le 
From a table of trigonometric functions, it can be found that the ang 
whose tangent is equal to 1 is 45 degrees. : 


The sum of the two original vectors, Ve 90° =! 
therefore, is a resultant vector that has 100 volts 4 geta 
an amplitude of 141 volts, and that 45° 

_ leads voltage V. by 45 degrees. 180° 9. 


Va= 100 volts 


oe 
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solved problems (cont.) 


Problem 2. Draw the current and voltages in the following circuit 
on.a vector diagram. 


110 Volts 


I= 750ma 


It is a series circuit, so the current throughout the circuit is the same. 
There will, therefore, be only one current vector, and it should be 
made the reference vector. The applied voltage will be one voltage- 
vector, and since there are two coils and each develops a back emf, 
there will be two voltage vectors for the back emf, or a total of three 
voltage vectors. 

Back emf is always 180 degrees out of phase with the applied voltage, 
so the back emf vectors and the applied voltage vector must have 
opposite directions. Furthermore, applied voltage in a purely inductive 
circuit Jeads the current by 90 degrees. Therefore, if the current is 
the reference vector and so has a direction of O degrees, the applied 
voltage vector must have a direction of 90 degrees. And since the back 
emf vectors are opposite in direction to the applied voltage vector, they 
must have a direction of 270 degrees. 

The amplitudes of the applied voltage and the current are stated in 
the problem; but the amplitudes of the back emf's are not. However, 
since the inductances of the coils are equal, you do know that the back 
emf's must also be equal; so their vectors must be equal in length. 


Based on the above reasoning, the vector diagram would be drawn 
as follows: 


90° 
Applied 
Voltage Current 
110 Volts ^ 750 ma 


/ 
Qo 


J«— Back EMF 


Back EMF i \ ott 
© Back EMF 


2109 of L2 
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summary 


Every vector can be separated, or resolved, into two components that are 90 
degrees apart. These are called the horizontal component and the vertical com- 
ponent. Component vectors in the same direction can be added arithmeti- 
cally. The magnitude of the resultant vector can be found from the com- 
ponents by using the Pythagorean Theorem. 


LJ A-c vectors are called rotating vectors; they represent sine-wave quantities. 
LJ A-c vectors show both the amplitude and the phase relationships between 
Sine-wave voltages and currents. The length of a rotating vector indicates 
the amplitude of the a-c voltage or current. [1 The angle between two rotating 
vectors indicates the phase difference between the two vector quantities. A 
vector graph is divided into 360 degrees, corresponding to one full sine-wave 
cycle. [] Phase angles of vectors are,compared to the reférence, or zero- 
degree, point on the right part of the horizontal axis. 


A waveform shows all of the instantaneous current and voltage values 
throughout a complete sine-wave cycle. A vector shows only one value; it 
can be the peak, average, or effective value of the amplitude. 


review questions 


1. Ilustrate and explain what is meant by the horizontal and 
vertical components of a vector. 

2. What is the magnitude of the vertical component of a hori- 
zonital vector whose magnitude is 100? What is the magni- 
tude of the horizontal component? 

- For Question 2, what is the phase angle between the vector 
and the vertical axis? 

- The horizontal component of a vector is 5 and the vertical 
component is 12. What is the magnitude of the vector? What 


is its direction with respect to the horizontal axis? 


- The magnitude of a vector is 20 and its horizontal compo- 
nent is 16, What is the value of the Vertical component? 

- What is meant by a rotating vector? Why is it so called? 

- What does a rotating vector indicate? 

j What amplitude of a voltage or current does a waveform 
indicate? : 

. Explain the diff, 

- On a vector dia 
applied voltage 
In a purely cap. 


erence between a vector and a wauveform. 
gram, show the phase difference between the 
and the current in à purely inductive circuit. 
acitive circuit. In a purely resistive circuit. 


b 
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RL circuits 


An RL circuit is one that contains both resistance (R) and inductance 
(L). In Volume 3, you learned the characteristics of a-c circuits having 
only resistance or only inductance. Many of these characteristics are 
modified when resistance and inductance are both present. As a re- 
sult, different methods and equations must be used to solve RL circuit 
problems. You will find that the basic reason for the differences be- 
tween RL circuits and purely resistive or inductive circuits is that the 
phase relationships in the resistive portions of RL circuits are different 
than the phase relationships in the inductive portions. Both of these 
relationships, though, affect the overall operation of the circuit, and 
must be considered when solving RL circuit problems. The nature of 
the phase relationships that exist in series and parallel RL circuits, as 
well as methods of solving circuit problems taking into account these 
phase relationships, are described on the following pages. 


Because of their physical construction, every coil con- 
tains some resistance, and every resistor contains 
some inductance. Therefore, all three of these circuits 
are actually RL circuits R 


Current and Voltage in an Inductor 


+ Voltage 


As Waveforms As Vectors 


Current 


“Voltage 90° 


Current 
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impedance 


In resistive circuits, resistance provides the only opposition to cur- 
rent flow. And, in inductive circuits, all of the opposition is provided 
by the inductance in the form of inductive reactance. Resistance, you 
will remember, is “built into” a load, and is essentially unaffected by 
the circuit voltage or current. Inductive reactance, on the other hand, 
is directly proportional to the frequency, and so its value depends on 
the frequency of the applied voltage. Furthermore, although a voltage 
drop occurs when current flows through either a resistance or an in- 
ductive reactance, the phase relationship between the current and the 
voltage drop is different for a resistance than it is for à reactance. 
Since the voltage drop is a, measure of the Opposition to current, re- 
sistance and inductive reactance can be considered as differing in 
phase. Actually, only quantities that vary in time càn differ in phase; 
and inasmuch as neither resistance nor inductive reactance .do, strictly 
speaking, they cannot really differ in phase. But, since their effects 
on current flow have a phase relationship, we think of resistance and 
inductive reactance themiselves as having a phase relationship. 


In an RL circuit, both the 
resistance and the inductive 
reactance oppose the current 
flow, Their combined effect 
X is called the impedance (Z) 

L of the circuit 


IMPEDANCE 


In effect, then, although both resistance and inductive reactance 
Oppose current flow, some of their characteristics and effects are dif- 
ferent. For this reason, the total opposition to current flow in RL cir- 
cuits is not expressed in terms of either resistance or inductive re- 
Y called the impedance is used. The im- 
S.calculated from the values of resistance 
d takes into account the differences between 
ed in ohms, and is usually designated by the 
to calculate impedance depend on whether 
: € reactance are in series or in parallel. 
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series RL circuits 


When the resistive and inductive components .of a circuit are con- 
nected in such a way that the total circuit current flows through each, 
the circuit is a series RL circuit. It is important to realize that the 
current flowing at every point in the circuit is the same: As you will 
learn, any analysis of series RL circuits is based on this fact, 


10000 10000 
50 (Coil Resistance) 
110 Volts 110 Volts 20 ph 
20 yh 
THIS CIRCUIT is effectively THIS CIRCUIT 


In practical applications, the resistance of a coil 
can be neglected if other circuit resistances in 
series with the coil are ten, or more, times 
100 greater than the coil resistance 150 


50 (Coil Resistance) 


110 Volts 110 Volts 20 ph 
20 ph 


THIS CIRCUIT is effectively THIS CIRCUIT 


As you continue your studies of electricity and 
electric circuits, you will find that this 10:1 ratio 
applies to many situations where the relative 
effects of two quantities are involved 


A series RL circuit may consist of one or more resistors, or resistive 
loads, connected in series with one or more coils. Or, since the wire 
used in any coil has some resistance, a series RL circuit may consist ` 
of only one or more coils. with the resistance of the coils, which is 
effectively in series with the inductance, supplying the circuit resistance, 


x 
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series RL circuits (cont. ) 


If a resistor or other resistive load is connected in series with one or 
more coils, its resistance is usually much greater than the resistance 
of the coils. When it is ten, or more, times greater, the effect of the coil 
resistance can be ignored. In this volume, unless otherwise indicated, 
we will assume that this is the case, and will consider coils as having 
zero resistance. ^ 

You will notice that in the discussion on series RL circuits, the phase 
of the circuit current is used as the phase reference for all other circuit 
quantities. This is done for convenience, inasmuch as the current is the 
same throughout the circuit. Since current is used as the reference, the 
current vector on a vector diagram has a phase angle of 0 degrees, 
which means that it is horizontal and points to the right. Any circuit 
quantity that is in phase with the current, therefore, also has a phase 
angle of 0 degrees. You should be aware, though, that other circuit 
quantities could be used as the phase reference. Current is chosen in the 


series RL circuit only because it is common to all the parts in the cir- 
cuit. 


| | l 


In series RL circuits, the current The phase of all other circuit 
is used as the phase reference quantities are then determined 
for all other circuit quantities, relative to the current 
t eoe has a phase angle 


R and Ep are in phase with 1 


Xp EL 


| R | ER 
Quantities that are in phase 


with the current also have 
phase angles of 0° 
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voltage 


When voltage is applied to a series RL circuit, the current causes a 
voltage drop across both the resistance and inductance. As you learned 
in Volume 3, the voltage drop across a resistance is in phase with the 
current that causes it, while the voltage drop across an inductance leads 
the current by 90 degrees. Since in a series RL circuit the current 
through the resistance and inductance is the same, the voltage drop 
across the resistance (Ej) is in phase with the circuit current, while the 
voltage drop across the inductance (E;,) leads the current by 90 degrees. 
With the current as a reference, therefore, E, leads E, by 90 degrees. 
The amplitude of the voltage drop across the resistance is propor- 
tional to the current and the value of resistance (E — IR). The am- 
'plitude of the voltage across the inductance is proportional to the cur- 
rent and the value of inductive reactance (E = IX; ). 

A situation that is new to you, though, arises here. Until now, the 
sum of the individual voltage drops around a series circuit was equal 
to the applied voltage in all the circuits you have learned. This was ac- 
cording to Kirchhoff's Voltage Law. But if you were to measure the 
applied voltage and then the voltage drops in a series a-c circuit, you 
would find that the sum of the voltage drops appears greater than the 
applied voltage. This is because when the voltage drops are not in phase, 
the vector sum of the voltage drops, rather than their arithmetic sum 
must be used for Kirchhoff's Law to work. Thus, the applied voltage can 
be represented vectorially as the sum of the two vectors: one, the Er 
vector, is at 0 degrees, since it is in phase with the circuit current; the 
other, the E, vector, leads both Ej, and I by 90 degrees. 


The relationship between the applied voltage and the 
voltage drops in a series RL circuit is such that 


the applied voltage equals the VECTOR SUM of the 
voltage drops 


Circuit Vector Representation Calculation 


Eapp= VER? + Ej? 
=V (300? + (4002 


FAPP ra 
= 500 Volts 
400 Volts tang = E/Eg 
= 400/300 = 1.33 
=IR 
o= 53.10 


300 Volts 
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voltage (cont. ) 


Since the two voltage vectors are 90 degrees apart, they can be added 
vectorially by the Pythagorean Theorem to find the applied voltage: 


Earp = V Ey? + E 


Graphically the applied voltage is the hypotenuse of a right triangle 
whose other two sides are the circuit voltage drops. The angle between 
the applied voltage and Ej is the same as the phase angle between the 
applied voltage and the current (1). The reason for this is that Ey, and 
I are in phase. The value of 0 can be found from: 


tan 0 = Ej/Eg 


or cos 0 = Eg/E,pp 


With I used as the reference vector, as shown at the left below, it may 
seem that the applied voltage changes in phase as the voltage drops 
change with different values of resistance and inductive reactance. Ac- 


tually, it only appears this way because the current is used as the 
O-degree reference. 


las Reference Vector Eappas Reference Vector 


. If the applied voltage was used as the reference, you would see that 
it is the current that actually dlandes VhupHasc van Bav On the right 
Rp above. Therefore, to avoid confusion, always consider the, 
phase angle @ as th Eq t 

rather th: © angle between the applied voltage and current, 


an as the phase angle of either one of them 
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voltage waveforms 


You saw from the calculations on the previous pages that although 
the individual voltage drops in the circuit were 300 and 400 volts, 
the applied voltage, or total voltage drop, was 500 volts instead of 700 
volts. The reason for this was that the individual voltage drops were 
out of phase. If they were in phase, they would have reached „their 
maximum amplitudes at the same time, and could be added directly. 
But since they were out of phase, all of their instantaneous values had 
to be added, and then the average or effective value of the resulting 
voltage found. This is what vector addition accomplishes. Whether 
the average or effective value of the applied voltage is found, depends 
on what values you are using. If the voltage drops are given in 
effective values, the applied voltage you find will also be an effective 
value. Similarly, if you are working with average values, the applied 
voltage will be: an average value. 


RMS Value of Eapp 


(500 Volts) ™ 


RMS Value of EL 
(400 Volts) 


RMS Value of Eg 
(300 Volts) 


Every point on the applied voltage waveform (Ea pp) is the alge- 
braic sum of the instantaneous values of the Eg and Ej wave- ` 
forms. The rms value of the applied voltage waveform is equal to 
the vector sum of the rms values of the Eg and Ej waveforms 
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impedance and current 


In a series RL circuit, the impedance is the VECTOR 
SUM of the resistance and the inductive reactance. 


Circuit Vector Calculation 
XL Representation 


Z=VR24 x? 


R 
500 
= (507. + (50)? 
Z 

. = 70.70 
XL 
500 lano = X|/R 

R 
| 500 = $0/50-1 
Z3 0 = 459 


X, is considered as leading R by 90°. The total 
opposition to current flow is their vector sum, 
which is the circuit impedance, Z. The angle of 
Z depends on the relative values of R and XL 


As R becomes larger relative to XL, the angle 
of Z becomes smaller 


As was explained, it is convenient in RL circuits to consider resistance 
and inductive reactance as differing in phase, and to use the term im- 
pedance (Z) to represent the total opposition to current flow. Since, 
in a series RL circuit, the same current flows through both the resistor 
and inductor, and the voltage drop across the resistor is in phase with 
the current, while the voltage drop across the inductor leads the current 
by 90 degrees, then the inductive reactance is considered to lead the 
resistance by 90 degrees. The vector sum of the reactance and re- 
Sistance, the impedance, can therefore be calculated by the Pythagorean 


Theorem, 
Z= VŘ FX 


an angle s grees apart, their vector sum, Z, will be at 

current e owhere between 0 and 90 degrees relative to the circuit 
x exact an s ; 

“Xr. If R is greater, 7, gle depends on the comparative values of R and 


Since R anq X, are 90 de 


tan 0 — Xv /R On mes 
The phase angle of Z is the sam pe Me 


Voltage, described previously. © as the phase angle of the applied 
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impedance and current (cont.) 


The 10-to-1 rule you learned before also applies to impedance. 
If either X;, or R is 10 times greater than the other, the phase angle of Z 
can be considered as 0 or 90 degrees, depending on which is larger. Es- 
sentially, what the 10-to-1 rule signifies is that if R is 10 or more times 
greater than X,, the circuit will operate almost as if X, were not 
present; the opposite is true if X; is 10 or more times larger than R. 

The relationships between I, E, and Z in RL circuits are similar 
to the relationships between I, E, and R in d-c circuits. Because of 
this, the equations for Ohm's Law can be used in solving RL circuits 
by using the impedance (Z) in place of the resistance. These equa- 
tions are often called Ohm's Law for a-c circuits. They are: A 


I-E/Z  E-IZ Z=E/I 


You will find later that these equations also apply to circuits that con- 
tain capacitance as well as inductance and resistance. 


In a series RL circuit, the current is the same at every 
point, and lags the applied voltage by an angle between 0 and 90 


Circuit Vector _ Calculation 
XL Representation 


= Eapp/Z 
= 220/70.7 = 3.1 amperes 
= X/R 


= 50/50 = 1 
= ity) 


The catculated angle is the phase angle of the current. It is the same as the phase angle of 
impedance found for the same circuit on the previous page. The reason for this is that the 


values of Xi. and R determine the angle of the impedance, which in turn determines how 
inductive or resistive the current is ! 


As in any series circuit, the current in an RL series circuit is the same 
at every point. As a result, the current through the resistance is in 
phase with the current through the inductance, since they are actually 
the same current. If the applied voltage and impedance in an RL series 
Circuit are known, the current can be calculated by Ohm's Law: 
I=E,pp/Z, where E,pp equals the applied voltage and Z equals the 
vector sum of the resistance and inductive reactance CVR? 4 X13), 
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impedance and current (cont. ) 


Since the current in a series circuit is common to all parts of the 


circuit, it is used as the O-degree reference. And the angle between it: 


and the impedance determines whether the current is more inductive 
or resistive. As you learned before, the angle of Z is somewhere be- 


tween 0 and 90 degrees, depending on the relative values of the in- 
ductive reactance and resistance. : 


XL A 


Z XL z 
0 0 
R —— R 
| 
The angle between Z and R, is the same as the angle 
E ^ between Z and | 
XL 
EAPP 
0 
— PS R 


| 
which is the same asthe 
angle between Eapp and | 


The greater the inductive reactance is compared to the ip 
the larger is the phase angle, and the more I tends to act as. an i 
ductive current. Similarly, the smaller the inductive reactance is com 
pared to the resistance, the smaller is the angle, and the more I tends 
to act as a resistive current. When Z and I are exactly in phase (Z=R), 
the current is purely resistive; and when Z leads I by 90 degrees 
(Z=X,), the current is purely inductive. The terms resistive and in- 
ductive, when applied to the current, refer to the phase relationship 
between’ the current and the applied voltage. The closer the current 
3 E ne gies With the applied voltage, the more resistive it is; 
Hee eh ii d to lagging the applied voltage by 90 degrees, the 
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power 


In resistive circuits, all of the power delivered by the source is dissi- 
pated by the load; but if you recall what you learned from Volume 
3, in an RL circuit, only a portion of the input power is dissipated. 
The part delivered to the inductance is returned to the source each 
time the magnetic field around the inductance collapses. There are, 
therefore, two types of power in an RL circuit. One is the apparent 
power. The other type is the true power actually consumed in the cir- 
cuit. The true power depends on how much was returned to the source 
by the inductance; this in turn depends on the phase angle between 
the circuit current and the applied voltage. True power is calculated 
by multiplying the apparent power by the cosine of the phase angle 
between the voltage and current: 


Paneg = Earr! cos 0 = PZ cos 0 


Since from the vector diagram of impedance, R =Z cos 0, the equation 
can also be written as Pai = ER. This shows that true power is that 


used by the circuit resistance. 


True Power 
—Ejpp cos © 


Apparent Power 
Epl 


=E pp /Z 
zig 


(E2,,/72) cos 0 
—l'Z cos 0 


Eapp 
110 Volts , 


Preliminary Calculations Te Power Calculations 
Z = VR? X? E Apparent Power = Eappl 
= V (40)? + (100)? = 1080 = 110x 1.02 
| = Egpp/Z = 112.2 watts 
= 110 volts/108 ohms = 1.02 amperes True Power = Epppl cos 6 
tana = Xj /R = 110 x 1.02 x cos 68.29 
= 100/40= 2.5 = 112.2x 0.371 
0 = 68.2° = 41.6 watts 


The value of cosine 0 can vary between 0 and 1, and, as you remem- 
ber from Volume 3, it is called the circuit power factor. Small power 
factors (close to 0) are undesirable, since they mean that the power 
soutce has to deliver more power than is used. The power factor is 
found by: 
true power 


Power Tacto a eet 
apparent power 
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the Q of a coil 


As you already know, every coil has Some resistance, and so acts 
as a series RL circuit when it is connect 


ed to a source of voltage. 
Physically, 


itis impossible to measure separately the voltage drop across 
the coil resistance and the drop across the coil inductance. However, 
mathematically you can assume that the resistance and the inductance 
are both separate quantities in series with each other, and the two 
voltage drops and their phase angle can then be calculated. It is obvi- 
ous that the smaller the coil resistance, the more the coil acts as a 
perfect inductor, that is, one with inductance, but zero resistance. You 
will find that it is sometimes desirable to compare coils on the basis 
of how close they approach the theoretically perfect coil. This is done 
by calculating the ratio of inductive reactance to resistance. Such a 
ratio is called the merit rating, or Q, of the coil. As an equation, 


Q-X,R 


You can see that the higher the inducti 


ve reactance, or the lower the 
resistance, the greater the Q. 


9-0. 
XL = X= 100 ' 
R = R= 1000 
tas Z = 100.050 
0- 0 =5.7° 


The high-Q coil produces a greater phase angle, and so 
is à better conductor 


_ A coil with a high Q has a large phase angle (close to 90?) between 
the voltage across it and the current through it. Such a coil will de- 
velop a st 


resis 
a smaller'cemf for 


important factor to 
are covered later, 


l ge. The Q of a coil becomes an 
consider when you work with LC circuits, which . 


> discounting eddy current 
with frequency, Q usually 


i e S are compared on the basis 
of Q must be for the same frequency, 
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effect of frequency 


As you know, the relative values of X;, and R determine the phase 
angle of the impedance and the current, as well as the circuit power 
factor. When X; is much larger than R, the circuit is very inductive 
and the power factor is close to zero. When R or X, is 10 or more 
times larger than the other, the circuit can be considered purely re- 
sistive or purely inductive, and the power factor considered as one or 


The characteristics of a series RL circuit vary with 
different frequencies 


- 250 


AT A FREQUENCY » AT A FREQUENCY 


OF 100 CPS OF 400 CPS 
; à 
X = Bo XL 
O 280 dut M 
“= 275° SER 


OF 200 CPS 


zero. However, since the value of X;, increases with frequency, so does 
the relative value of X;, and R. As a result, the same circuit will have 
different properties if the frequency is varied. A very low frequency 
can make the circuit almost purely resistive; while a very high fre- 
quency can cause it to be almost purely inductive. Of course, Z also 
changes with the relative value of X, and R. 


Very often a graph is made to show cir 
cuit impedance changes with frequency. £ 100 
Such a graph is called the frequency 2 
response curve of the circuit. The fre ™ 
quency response curve of the circuit 50 
above is shown 
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solved problems 


- Problem 3. What is the current in this circuit? 


The first step in any problem is to 
inspect the information to help you de- 
termine whether the quantity asked for 
can be found directly, or if other cal- 
culations are required. 

The quantity to be solved for is cur- 
rent. The basic equation for current is 
I=E/Z. The voltage is given, so 
you know that you have to calculate 
Z. The equation for impedance is 

*Z=VR?+X,2, and from the circuit, 
you can see that only R is given. There- 
fore, you also have to solve for the re- 
actance, X,. The equation for inductive 

reactance is X; = 27fL, and both f and L are given. 
The preliminary inspection, therefore, shows you that three separate 


calculations are needed to find current: first X;, then Z, and finally I. 
Calculating X;: 


Xr = 27fL = 6.28 X 50 x 10 = 3140: ohms 
Calculating Z: 


Z= VR? + X;?— V(1000)? + (3140)? = 3295 ohms 

Calculating 1: à 

I—E/Z-— 200 volts/3295 ohms = 0.061 ampere 

Problem 4. In the above circuit, what is the phase angle between 
the applied voltage and the current? 

The phase angle can be calculated from either of the equations: 
tan @—E,,/Ex or tan Ø — X, /R. Since the voltages across the resistance 
and inductance are not known, but the resistance and inductance are, 
tan 0 = X; /R is used. 


X 
t E L 
an g-—-—L- 


__ 3140 
~~ 1000 


=3.14 * 
0— 72.3° 
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solved problems (cont.) 


Problem 5. In the circuit, what is the phase angle of the impedance? 

The phase angle of the impedance is always identical to the phase 
angle of the applied voltage and the current. This phase angle was cal- 
culated in Problem 4. The angle of the impedance is, therefore, also 
19:39; 

Problem 6. In the circuit, what are the voltage drops across R and 
L? 

Both of the voltage drops can be found by Ohm's Law, the drop across 
the resistance being E, IR, and the drop across the inductance, 
E; = IX;. The values of I, R and Xj, are known, so the problem can be 
solved directly, with no preliminary calculations necessary. 


Calculating Ep: 
Eg —IR 
= 0.061 ampere X 1000 ohms = 61 volts 
Calculating Ey: 
Er = IX, 
= 0.061 ampere X 3140 ohms = 192 volts 


\ 


Problem 7. In the circuit, what would be the voltage drops across 
R and L if the source frequency were raised to 1000 cps? 
The first step is to find the value that X, would attain at 1000 cps 
by: 
X;, = 2rfL = 6.28 X 1000 X 10 = 62,800 ohms 


Normally, the next step would be to calculate the impedance and then 
use E/Z to find the circuit current. Them you would use Ohm’s Law to 
find the voltage drops. But a much simpler method would be to use the 
10-to-1 rule for X,, and R, and you can see immediately that the entire 
source voltage will be dropped across L. : 
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Wlied problems (cont.) 


E Rj-250 R2-100 


Eqpp 
110 Volts 


Problem 8. What is the impedance of the circuit? 

This circuit is solved in the same manner as one containing only 
one resistance and one inductance, except that you first must calculate 
the total resistance and total inductive reactance. Since the resistances 
and inductances are in series, this is done by simple addition. 

Rror=R, + Ro 
=25 + 10 = 35 ohms 
Xy ror = Xy; + Xy, 
= 30 + 30 = 60 ohms 


The impedance can then be found by the standard equation: 


ZR V Rio; + Xi ror 


= V (35) + (60): = v4825 
= 69.5 ohms 


Problem 9. How much power is consumed in the above circuit? 

Power consumed, or dissipated, is true power, so the true power 
must be found. The applied voltage is givén and the impedance has 
just been found. The most appropriate equation to use, therefore, is 
Porus = (E*45,/Z) cos 0. Before this equation can be applied, though, 
the phase angle, 6, must be found. 


tan 0= Seu =60/35= 1.71 


TOT 
0— 59.7° 
The true power can now be calculated. 


2 


= Epp 
Perce T cos @ 


= (10) 
= 59.5 COs 59.7° 


= 174.1 X 0.505 — 


87.9 watts 
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4 


summary 


The total opposition to current flow in an RL circuit is called the impedance. 
‘Impedance is measured in ohms, and is designated by Z. O in a series RL 
circuit, the current through each component is the same. Because of this, the 
current is used as the phase reference for all other circuit quantities. O 
Kirchhoff's voltage equation is valid for a series RL circuit, but the voltages 
across the resistor and inductor must be added vectorially. 


[] The applied voltage in a series RL circuit is found by Ey; = VEn? F Ej2. 
c The value of the phase angle (0) is found by: tan 0 = E, /Ej; or cos 0 = 
Ep/Eapp- The magnitude of the impedance is the vector sum of the reac- 
ance and the resistance: Z = VR? + X;7. O The phase angle between R and 
X;, is found by: tan @ = X,,/R; or cos 0 = R/Z. O Either Xj, or R can be con- 
sidered negligible if one is 10 times as large as the other. 


Ohm's Law for a-c circuits can be expressed as: E — IZ. Other forms of the 


equation are | = E/Z and Z = E/I. The actual power dissipated in a circuit 
is called true power. It is equal to the apparent power times the power factor: 
Ports zEappl cos.0.—/I2Z; cos 0: The Q of a coil is the ratio of the react- 


ance at a particular frequency to the resistance of the coil. 


review questions 


1. In a vector diagram of the voltages in a series RL circuit, 
what circuit quantity is used as the reference vector? Why? 

. What is the 10-to-1 rule for R and X;,, in a series RL circuit? 

. What is the resistance of a coil having a Q of 65, when the 
inductive reactance is 325 ohms? 

. What is the resistance in a series RL circuit when the impe- 
dance is 130 ohms and the inductive reactance is 50 ohms? 

- What is the phase angle for the circuit in Question 4? 

. If an applied voltage of 100 volts causes 5 amperes of cur- 
rent in a series RL circuit, what is the circuit impedance? 

- The power dissipated in a circuit is 500 watts, the impedance 
is 10 ohms, and the phase angle is 60 degrees. What is the 
value of the current in the circuit? 

. What is the apparent power of a circuit which dissipates 500 
watts, and has a power factor of 0.25? 

. Between what values can the power factor be found? Why? 

. What is the voltage across the coil in a series RL circuit 
when the applied voltage is 100 volts, and the voltage across 
the resistor is 80 volts? 
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parallel RL cireuits 


In a parallel RL circuit, the resistance and inductance are connected 
in parallel across a voltage source. Such a circuit thus has a resistive 
branch and an inductive branch. The circuit current divides before en- 
tering the branches, and a portion flows through the resistive branch, 
while the rest flows through the inductive branch. The currents in the 
branches are therefore different. The analysis of parallel RL circuits 


This Is A Parallel 


And Thi l 
RL Circuit nd This Is A Parallel 


R L Circuit 


This Is Also A Parallel But This Is Not A Plain 
RL Circuit 


Parallel RL Circuit 


A parallel RL circuit has one or more resistive branches and one 
or more inductive branches. Each resistive branch is purely 
resistive, and each inductive branch is purely inductive. If any 
branch contains both resistance and inductance, the circuit is a 
Series-parallel RL circuit. These will be covered later 


and the methods used to solve them are different than the XT 
and. solution of series RL circuits. It is important, therefore, that vie 
be able to recognize series and parallel RL circuits so that you 

use the proper techniques and methods for solving them. 
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voltage 


In a simple parallel RL circuit, there is one resistive branch and one 
inductive branch. Both branches are connected directly across the 
voltage source, and so have the full source voltage applied to them. 
Since the source voltage across both branches is the same, the voltages 
must be in phase. You can see, therefore, that if you know the applied 
voltage, you automatically know the voltage across each branch. Like- 
wise, if you know the voltage across either branch, you also know 
the voltage across the other branch, as well as the applied voltage. 


The voltage across every branch of a parallel RL circuit 
is the same as the applied voltage 


a R 
© Eg = 100 Volts 


As a Vector 


pe 


Eapp, Ep, and Ey 


ee 


E 
ARP EĻ = 100 Volts 


100 Volts 


As a Waveform 


Epp, Ep, and Ep. 


If you know one voltage in a parallel RL circuit, you auto- 
matically know the other voltages, since they are all identical 


You will remember that in series RL circuits, current was the com- 
mon quantity, since it was the same in both the resistive and inductive 
parts of the circuit. In parallel RL circuits, voltage is the common quan- 
tity, inasmuch as the same voltage is applied across the resistive and 
inductive branches. The currents in the branches are not the same. 
The ‘voltage, therefore, is used as the zero reference to compare the 
other angles. . 
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branch current 


The current in each branch of a parallel RL circuit is 
independent of the other branches, and can be cal- 
culated by Ohm's Law 


Eapp 
500 Volts 
60 cps 


R = 10000 Xp-5000 4 X, «2500 


Current in a 5 i 
Resistive Branch EEN n 
Ig - E/R IL SEAR 


As in all parallel circuits, the current in each branch of a parallel 
RL circuit is independent of the currents in the other branches. If one 
of the branches opened, it would have no effect on the other branch 
currents. The current in each branch depends only on the voltage 
across that branch and the opposition to current flow, in the form of 
either resistance or inductive reactance, contained in the branch. The 
branch voltages are the same, so it is the value of resistance or inductive 
reactance that determines the relative amount of current that flows 
in the branch. Each branch of a parallel RL circuit can be considered 
as a small separate series circuit. Ohm's Law can then be used to find 
the individual branch currents. In resistive branches, therefore, the 
current is equal to the branch voltage, which is the same as the applied 
voltage, divided by the resistance. In inductive branches, the current 
equals the branch voltage divided by the inductive reactance. Thus, 


i 
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Line current in a parallel RL circuit is equal to the VECTOR SUM 
of the currents in the resistive and inductive branches 


Circuit Vector Representation Calculation 


Eapp l 
z TE 
=/2 4 42 


= 4.5 amperes 
| 
tan o = ES 
IL i 
2 Amperes | 4 Amperes === 2 
0 = 63.49 


line current 


In purely resistive parallel circuits, the total circuit current, or line 
current as it is called, is simply the arithmetic sum of the individual 
branch currents. In parallel RL circuits, though, there is a phase differ- 
ence between the current in the resistive branch and the current in the 
inductive branch. Because of the phase difference, the individual 
branch currents must be added vectorially to find the line current. The 
nature of the phase difference between the two currents is such that 
the current in the resistive branch leads the current in the inductive 
branch by 90 degrees. The reason for this is that the voltages across the 
branches are in phase, and the current in the resistive branch is in 
phase with the voltage, while the current in the inductive branch lags 
the voltage by 90 degrees. 

Because the two currents are 90 degrees out of phase, their vector 
sum, which is the line current, can be calculated by the Pythagorean’ 
Theorem, using the equation: 


Thine = Vl? + TI? 


Line current is the vector sum of Line 
the resistive and inductive Current 
currents 


N 
N Inductive 
D 


N 


Resistive 
Current 


Resistive current leads the in- 
ductive eurrent hv On? 
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line current (cont.) 


The phase angle between the line current and the applied voltage 
is somewhere between 0 and 90 degrees, with the current lagging the 
voltage, as in all RL circuits. The actual angle depends on whether 
there is more inductive current or resistive current. If there is more 
inductive current, the phase of the line current will be closer to 90 
degrees. It will be closer to 0 degrees if there is more ‘resistive current. 


The line current in a parallel RL circuit will 
have a phase angle between 0 and 90°, lagging. 
The value depends oñ the relative values of 
the inductive and resistive currents in the 
branches 


If either the resistive or inductive current is 10 times or more greater, 
the line current can be considered to have a phase angle of O or 90 
degrees, as the case may be. From the vector diagram, you can see that 
the value of the phase angle can be calculated from the equation: 


tan 9=1,/Ip 


Other very useful equations for calculating the phase angle can be 
derived by substituting the relationships I, = E/X, and I, =E/R n 
the above equation. The equations derived in this way are 


tan 9 — R/X, and cos 9 — Z/R 
ed voltage 


If the impedance of a parallel RL circuit and the appli Law for 


are known, the line current can also be calculated using Ohm 
a-c circuits: 
luxe = E/Z 
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current waveforms 


Since the branch currents in a parallel RL circuit are out of phase, 
their vector sum rather than their straight arithmetic sum equals the 
line current. This is the same type of situation that exists for the 
voltage drops in a series RL circuit. By adding the currents vectorially, 
you are adding all of their instantaneous values, and then finding the 
average or effective value of the resulting current. This can be seen 
from the current waveforms shown. They are the waveforms for the 
circuit solved on the previous pages. 


RMS Value 


of LINE 
(4.5 Amperes) 


RMS Value 


E7. 
er] 
L 


(4 Amperes) 


(2 Amperes) 
0 


[ 


Every point on the line current waveform (IL iye) is the algebraic 
sum of the instantaneous values of the Ip and lj waveforms. The 
rms value of the line current waveform is equal to the vector sum 
of the rms values of the Ip and lj, waveforms 
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impedance 


The impedance, Z, of a parallel RL circuit is the total opposition to 
current flow offered by the resistance of the resistive branch and the 
inductive reactance of the inductive branch. The impedance of a 
parallel RL circuit is calculated similarly to a parallel resistive circuit. 
However, since X;, and R are vector quantities, they must be added 
vectorially. As a result, the equation for the impedance of a parallel 
RL circuit is 

RX, 
VRE +X? 


where the quantity in the denominator is the vector addition of the 
resistance and the inductive reactance. If there are more than one 
resistive or inductive branches, R and X; must equal the total re- 
sistance or reactance of these parallel branches. 


ZES 


In a Parallel RL Circuit: 


Circuit Calculation 


2 Rx XL 
E R2. x2 
0x80 ^ 40 


(50)2+(80)2 ^ 944 


= 42ohms 


The impedance of a parallel RL-circuit is always less than 
the resistance or inductive reactance of any of the branches 


If the circuit line current and the applied voltage are known, the 
impedance can also be calculated by the equation: 


Z= Esvp/Irrsg 


The impedance of a parallel RL circuit is always less than the re- 
sistance or reactance of any one branch. The branch of a parallel RL 
circuit that offers the most opposition to current flow has the lesser 
effect on the phase angle of the current. For example, if Xy, is larger 
than R, the resistive branch current is greater than the inductive branch 
current, so the line current is also more resistive (closer to 0°). This | 
is the opposite of a series RL circuit. When either X, or R is Hoyer 
more times greater than the other, for practical purposes, a parallel 
RL circuit can be considered as a simple series circuit consisting ° 
only X, or R, whichever is smaller. 
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power 


In parallel RL circuits, the relationships between the applied voltage, 
the circuit current, and the circuit power are similar to.those of series 
RL circuits, previously described. Because of the phase difference be- 
tween the branch currents, the line current and the applied voltage 
are out of phase. As a result, the value of power obtained by multiplying 
the applied voltage by the line current is only the apparent power. 
Part of this apparent power is returned to the source by the inductive 
branch. So, to find the power actually dissipated in the circuit, the 
true power, the apparent power has to be multiplied by the cosine of 
the phase angle (@) between the applied voltage and line current. The 
value of cosine @ is the circuit power factor. 


Elune Elune cos 6 
or or 

LX EZ =< (EL/Z) cos 0 
or or 
p ?Z cos 
Vine Z ! £ 9 


[1 $]- R/X, or | Ap =Z/R 


The power delivered to this branch is dissipated in 
the resistance in the form of heat 


Most of the power delivered to this branch is returned to 
the source each time the magnetic field around the 
inductance collapses. If the branch contained a 
perfect inductance (zero resistaice), all the power 
would be returned 
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The characteristics of a parallel RL circuit 
vary with different frequencies 


Eapp 
ap ors A A FR; 
N Of £i 
euet AT A FREQUENCY Wency of lay 
KCN OF 60 CPS CPs 
Xy = 1.50 Xy = 150 Xj = 300 
Z - 670 Z - 10.60 Z = 1340 
0 = 634° 0 = 45° 9 = 26.6 


As the frequency increases, the impedance comes closer and 
closer to the value of the resistance 


effect of frequency 


You will recall that the frequency of the applied voltage has a sig- 
nificant effect on the characteristics of a series RL circuit. The same 
thing is true of parallel RL circuits, but the effects of frequency changes 
are different. In a series circuit, an increase in frequency caused an 
increase in the values of X; and Z, and made the circuit more inductive. 
Increasing the frequency of a parallel RL circuit also causes an increase 

; in the values of X, and Z. However, whereas in a series circuit a larger 
Xy makes the circuit more inductive, increasing X, in a parallel cir- 
cuit makes the circuit more resistive. The reason for this is that the 
larger X, is, the smaller is the inductive branch current, and so the 
larger is the relative value of the resistive branch current. 

If the frequency is decreased, the opposite is true. X, becomes 
smaller, causing an increase in inductive branch current, thereby 
making the circuit more inductive. At very low frequencies, therefore, 
a parallel RL circuit will be almost purely inductive; while at very 
high frequencies, it will be almost purely resistive. If the frequency 
is such that either X, or R are 10 or more times larger than the other, 
the branch containing the larger one can be neglected, and the circuit 
treated as a series circuit containing only the smaller of the two. 


15 
T 
= 10 
The frequency response curve of is 
the above circuit » Re 
0 50 yo 150 20 
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solved problems 


100 Volts 


60 cps L « 10h 


Problem 10. Calculate the line current in this circuit in two ways: 
first-using Ohm's Law, and then using the branch currents. 

To calculate the line current using Ohm’s Law, the equation 
Thine = E/Z is used. Before this can be done, though, the impedance must 
be found. The equation for the impedance is Z= RX,/VR?4- XF. 
R is given in the problem, but X, is not. So X; must be found first. 
This.means that to solve the problem, X; must first be calculated, then 
Z, and finally the line current. 

Calculating Xz: 

X, = 27fL = 6.28 x 60 x 10— 3768 ohms 

Calcalating Z: 

CENA get... 14000 9168... 1:06 plns 
VRE+ Xe V (1000) + (3768)? 

Calculating Irne: 

Thins = E/Z= 100 volts/966 ohms = 0.104 ampere 


To calculate the line current using the branch currents, you must 
first find the two branch currents. The vector sum of these two currents 
will then be the line current. 


Calculating Branch Currents: 
Ir = E/R = 100 volts/1000 ohms — 0.1 ampere 
I, = E/X; = 100 volts/3768 ohms — 0.0265 ampere 
Calculating Ipryp: 
Iune = Vin? + iF = V(0.1)? + (0.0265)? = 0.104 ampere 


Both methods, therefore, result in the same value for the line cur- 
xent, which they naturally should. You will find that many, if not most, 
electrical problems can be solved more than one way. When solving 
Such problems, it is good practice, if time permits, to solve the problems 
in two ways. The two answers should be the same, and will serve as 
a check on the accuracy of your calculations. 
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solved problems (cont. ) 


Problem 11. In this circuit, what is the phase angle between the 
applied voltage and the line current? 

The phase angle can be calculated from the equation tan 0 — I;/In, 
tan 0 — R/X,, or cos 0 — Z/R. Since the applied voltage is not known, 
the equation tan 8—I,/I, cannot be used in this problem. Of the other 
two equations, tan 9 — R/X,, is the easiest to use in this particular case. 
However, before it can be used to solve for the phase angle, the total 
values of R and X;, must be determined. 

Calculating Rror: The two resistances are in parallel, so the product/ 
sum method is used to find their total. 


_ RR, _ 600x300 _ 
Paor— g CR. = "600-300 = 200 ohms 


Calculating X; ror: The individual values of Xj, and Xj, must first 


be found. 
Xi = 27fL = 6.28 X 50x 1—314 ohms 


Xo = 27fL = 6.28 X 50 x 2 = 628 ohms 


The two reactances are in parallel, so the product/sum method can 
also be used to find their total. 


DX 314 x 628 


TONES — 209 ohms 
Xt nor OTe 314 + 628 
Calculating 0: 
= Boor o: 200 — 
tan yv cries = 209 SUSY 


@ can now be found from a table of trigonometric functions to be: 


0 = 43.7° 
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comparison of series and 
parallel RL circuits 


ial 
C TNR 
(ED 


Series RL Circuit 


Eapp \ aL 
j 


Parallel RL Circuit 


Inductance 


Current Current is same everywhere in cir- | Current divides between resistive 
cuit. Current through R and L are, | and inductive branches. 
therefore, in phase. lop = Wiese 
IR Ean RE Ulp ese XT 
Current through: R leads current 
through L by 90*. Y 
Voltage Vector sum of voltage drops across | Voltage across each branch is same 
R and L equals applied voltage. as applied voltage. Voltages across 
Expy = VERG EQ R and L are, therefore, in phase. 
*. | Voltage across L leads voltage Er = Er = Epp 
| across R-by 90°. 
Impedance It is the vector sum of resistance | It is ‘calculated in same way as 
and inductive reactance. 3 parallel resistances, except that vec- 
Pies VRUEXG tor addition is used. 
^ Z= RX / NREX" 
Phase It is the angle between circuit cur- | It is the angle between applied 
Angle (0) rent and applied voltage. . voltage and line current. 
tan à = E/E, = X, /R tan 6 = li /ly = R/X, 
V cos 0 — R/Z cos P = Z/R 
Power Fower delivered by source is apparent power. Power actually consumed in 
circuit is true power. Power factor determines what portion of apparent 
power is true power. 
Pappanent = Eappl Prrur = Eqppl cos à P.F.— cos @ 
Effect of Xr, increases, which in turn causes | Xi. increases, inductive branch cur. 
Increasing circuit current to decrease, Phase | rent decreases, and so line current 
Frequency angle increases, which means that | also decreases. Phase angle de- 
circuit is more inductive. creases, which means that circuit 
M § is more resistive. 
Effect of Phase angle decreases, which means | Phase angle increases, which means 
Increasing that circuit is more resistive. that circuit is more inductive, 
Resistance ! N 
(Effect of . | Phase angle increases, which means | Phase angle decreases, which means 
hereasing | that circuit is more inductive, 


that circuit is more resistive, 
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summary 


In a simple parallel RL circuit, there is one resistive branch and one induc- 
tive branch. The circuit current in a parallel RL circuit divides before enter- 
ing the branches, and a portion flows through the resistive branch, while the 
rest flows through the inductive branch. The current through each branch 
is independent of the current in the other. Both branches are connected 
directly across the voltage source. Voltage is used as the zero reference 
vector, since itis the common circuit quantity in a parallel RL circuit. 


The current in the resistive branch of a parallel RL circuit is found by 
lj — E/R. O The current in the inductive branch is found by lj — E/Xi.. 
Lj The line current is found by adding the branch currents vectorially: 
lux = Vh? d O The line current can also be found by: lix; = E/Z« 
The phase angle of a parallel RL circuit is found by: tan 0 = li /1,; or 
tan 0 = R/X,; or cos 0 — Z/R. O The impedance of a parallel RL circuit is 
found by adding the parallel oppositions vectorially. The equation for impe- 
dance is Z= RX,/(VR? +X). O The impedance can also be found by: 
Z= Evi] hrsg. 


[] The power equations for parallel RL circuits are identical to those for series 
RL circuits. O Since inductive reactance increases with an increase in fre- 


quency, the parallel RL circuit becomes more resistive as the frequency is 
increased. J i 


review questions 


1. What is meant by line current in a parallel RL circuit? 


- For Questions 2 to 10, consider a parallel RL circuit with an ap- 
plied voltage of 100 volts, a resistor with a resistance of 10 ohms, 
and an inductor with an inductive reactance of 20 ohms. 


. What is the current through the resistor; inductor? 

/ What is the voltage across the resistor; inductor? 

. What is the impedance of the circuit? 

. What is the phase angle of the circuit? 

. What is the apparent power? The true power? The power 
factor? 

. What is the value of the line current? : à 

. By how much does the frequency have to be multiplied aus 
the parallel circuit to become, éffectively, a resistive circuit: 

. Answer Questions 3 to 5 for the condition where the fre- 
quency is doubled. S 

. Answer Questions 5 to 7 for the condition where the fre- 
quency is tripled. 
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RC circuits 


A circuit that contains resistance (R) and capacitance (C) is called 
an RC circuit. The methods you use to solve RC circuits depend on 
whether the resistance and capacitance are in series or in parallel. This 
is similar to what you have just learned for RL circuits. Actually, the 
conditions that exist in RC circuits and the methods used for solving 
them are quite similar to those for RL circuits. The principal difference 
is one of phase relationship, since as you will remember from. Volume 
3, the phase relationship between the current and voltage in a capaci- 
tive circuit is different from that in an inductive circuit. 


RC Circuits 


Current and Voltage in a Capacitor 
AS WAVEFORMS AS VECTORS 


Current Current 


90° 
Voltage 


[ 

l 

| 

! 

1 

d 
en = RC circuits are series or parallel combinations of resistance and 
capacitance. The analysis of RC circuits is based on the fact i 
that current in a purely capacitive circuit leads the voltage by 90 


An RC circuit is usually considered as one that contains resistors 
and capacitors. However, any practical circuit has some resistance in 
the circuit wiring, as well as some capacitance between wires or be- 
tween the wiring and surrounding metal parts. RC circuits, therefore, 
exist even when no resistors or capacitors are used. However, in these 
See) the values of resistance and capacitance are usually very small. 
In this volume, therefore, the resistance and capacitance of the circuit 
wating will be considered negligible. 
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series RC circuits 


Ina series RC circuit, one or more resistances are connected in series 
with one or more capacitances, so that total circuit current flows 
through each individual component. For the discussion on the follow- 
ing pages of the voltage, impedance, and current in series RC circuits, 
the case of a single resistance in series with a single capacitance will 
be considered, unless otherwise stated. When there is more than one 
resistance or capacitance, the analysis of the circuit is the same, except 


that the single resistance or capacitance then becomes the total re- 
sistance or capacitance. 


Load 


paige 
Resistance , us 


‘Resistance Every capacitor lias leakage, whichis 
cof caused'by the d-c resistance of the 
‘Capacitor capacitor. Normally, a capacitor’s d-c 
resistance is very high, so, essentially, 
the:capacitor acts as an ideal capacitor, 
passing ac and blocking dc 


Load 
Capacitor 


You will recall from Volume 3 ‘that every capacitor has some leakage, 
made up of a small amount of current that flows through the dielectric. 
‘Effectively, the leakage current destroys the 90-degree relationship 
between the voltage across the capacitor and the current through it, 
so that the current actually leads the voltage by some phase angle less 
than 90 degrees. For most capacitors, though, the leakage current is 
so small that for all practical purposes the phase angle can be consid- 
ered as being 90 degrees. In this volume, therefore, we will consider 
Capacitors as having mo leakage, and the capacitor current as leading 
the voltage by 90 degrees. 

In the description of series RC circuits on the following pages, the 
circuit current will be used as the phase reference for all other circuit 
quantities, just as it was for series RL circuits. Again, the choice of 
Current is for convenience, since it is the same in all parts of the 
circuit, With current used as the reference, the vectors of all quantities 


that are in phase with the current ‘will have the same direction as the 
current vector: O degrees. 
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voltage 


When current flows in a series KC circuit, the voltage drop across ~ 
the resistance (Ej) is in phase with ‘the current, while the voltage drop 
across the capacitance (E,) lags the current by 90 degrees. Since the 
current through both is the same, E, leads E, by 90 degrees, The 
amplitudes of the two voltage drops can be calculated by: 


Ej—IR 
Eo = IX; 


Like ‘series RL circuits, the vector sum of the voltage drops equals the 
applied voltage. As an equation: 


Earr = VEE + Ee 
The relationship between the applied voltage and the voltage 


drops in a series RC circuit is such that the applied voltage 
equals the VECTOR SUM of the voltage drops 


Circuit Vector Calculation 
Representation 


l 180 Volts 
PIRA ER” Eapp = Eg? + Eg? 


Ep= 
qm = (180) + (240)2 
| = = 300 volts 
a 3 
Eg ~ tano = Eg/ER 
240 Volts = 210/180 = 1.33 
0 = 53.19 


If-one:of'the voltage drops changed as a result of a:change'in either R or Xq, the 
angle of the applied voltage vector would also appear to. change. Actually, itis 
the currentithat changes phase; this is:the Saime.es was pointed out for series RL 
Circuits. To avoid corifusion, always consider the phase-angle, 6, as the angle 
between land E app 


‘Graphically, the applied voltage is the hypotenuse of a right triangle 
whose ‘two sides are the voltage drops Ep and Ec. The angle (8) of this 
vector triangle between the applied voltage and E, is the same as the 
Phase angle ‘between the applied voltage and the current. The reason 
RE this is that E, and. are in phase. The value of can be calculated 
‘rom; 


tan @=Eo/Ex œr cos Q— Ep/Eqpp 
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voltage waveforms 


The waveforms of the voltages in a series RC circuit are similar to 
those you have seen for a series RL circuit. They show how the applied 
voltage waveform is the sum of all the instantaneous points of the two 
voltage drop waveforms. They also show that the average and effective 
values of the applied voltage waveform equal the vector sum of the 
average and effective values of the voltage drop waveforms. This is 
illustrated for the circuit solved on the previous page. 


RMS Value of Epp. 
(800 Volts) nes 


RMS Value of Ec 
(240 Volts) 


RMS Value of Eg 
(180 Volts) 


Every point on the applied voltage waveform (E app) IS the 
algebraic sum of the instantaneous values of the Eg and Eg 
waveforms ~ 
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impedance 


The impedance of a series RC circuit is the total opposition to cur- 
rent flow offered by the circuit resistance and capacitive reactance. It 
is calculated in the same way as the impedance of a series RL circuit, 
except that capacitive reactance is used in place of inductive reactance. 
The equation for the impedance of a series RC circuit is, therefore, 


Z= VRF Xo 
The vector addition takes into account the 90-degree phase difference 


between the voltage drop across the resistance and that across the 
capacitance. 


In a series RC circuit, the impedance is the VECTOR 
SUM of the resistance and capacitive reactance 


Circuit Vector. Calculation 
epresentation 
i W R Z = VR? Xo? 
ie 20 qus | = Vay. + (20)? 
z | = 72,8 ohms 
EST UU LIP Em tanu = X,/R 
Xcs| Xe 
g = 20/70 = 0,286 
? 6 = 16° 


Xç lags R by 90°. The total opposition 
to current flow is their vector sum, which. 
is the circuit impedance, Z. The angle of 
Z depends on the relative values of Xc 
and R 


= ——3 
As R becomes larger relative to Xç, the angle of Z becomes smaller 


Since R and X, are 90 degrees apart, with R leading, the phase angle 
of Z is somewhere between 0 and 90 degrees. The exact angle depends 
on the relative values of R and Xo. If R is greater, Z will be closer to 


0 degrees, and if X; is greater, Z will be closer to 90 degrees. The value 
of the angle can be calculated from either of the equations: 


tan 0 = X,/R- or cos 0— R/Z 


The phase angle of Z is the same as the phase angle between the ap- 
plied voltage and the current. So if you know one, you automatically 
know the other. 

Just as it does in series RL circuits, the 10-to-1 rule applies to the 
impedance of series RC circuits. This means that if either Xo or R is 
10 or more times greater than the other, the circuit will operate essen- 
tially as if only the larger of the two quantities was present. 
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current 


The amplitude of the current in a series RC circuit can be calculated 
from Ohm’s Law if you know the applied voltage and the impedance. 
Thus; 

T=Eypp/Z where Z= VR? 4 Xo 

Since the current is the same throughout the circuit, it is used as 
the phase reference. So the angle between it and the impedance de- 
termines whether the current is more resistive or more capacitive. You 
will recall that this angle is somewhere between 0 and 90 degrees, 
with its exact value depending on the relative values of the resistance 
and the capacitive reactance. The larger X« is compared to R, the closer 
the angle is to 90 degrees, and the more capacitive is the current; sim- 
ilarly, the smaller Xo is compared to R, the closer the angle is to 0 
degrees, and the more resistive is the current. If X. is 10 or more times 
larger than R, the current can be considered as purely capacitive, and 
thus to lead the applied voltage by 90 degrees; while if R is 10 or more 
times greater than Xe, you can consider the current as purely resistive, 
and thus being in phase with the applied voltage. 


You can calculate the circuit power using the same equations you 
learned for RL circuits. 


In a series RC circuit, the current is the same at 
every point, and leads the applied voltage by an angle 
between 0 and 90° 


Circuit Vector : Calculation 
Representation | = Eqpp/Z 
= ,110/72.8 
! a ; = 1.5 amperes 
700 E tang = Xg/R " 
7280 Z - 20/70 - 0.286 
X 
g 3 a = 16° 


The angle calculated here is the phase angle of the current. You will notice that 
itis the same as the angle of the impedance found for the same circuit on the 
previous page. The reason for this is that the value of XC and R determine the angle 
of the impedance, which in turn determines if the current is capacitive or resistive 


i R 
: — R apie 
Eapp 
: : " as the angle 
The angle between Z and R is the same as the angle which is the same as $e ang 


between Z and |, between Eapp and | 
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The characteristics of a series RC. circuit vary with 
different frequencies 


R-15000. 


AT A FREQUENCY 
OF 500 CPS 
1 


AT A FREQUENCY 


E a 
As the-frequency increases, the 
d 2 A^ ss impedance comes closer and 
AT A FREQUENCY -— n 7 c'aser to the value of the 
OF 1 KC T-—Ó"" resistance 


> 
effect of frequency 

Since the value of X, in a series RC circuit changes with frequency, 
all the properties of the circuit that are affected by X, also change 
with frequency. These frequency-dependent properties include the 
impedance, the amplitude and phase angle of the current, and the 
circuit power factor. Since the value of X, is inversely proportional to 
frequency, an increase in frequency causes a decrease in Xe, while 
a decrease in frequency causes X, to increase. As a result, when the 
frequency goes up, the impedance decreases, the circuit current in- 
creases and becomes more resistive, and the power factor goes closer 
to 1, Conversely, when frequency goes down, the impedance increases, 


the circuit current decreases and becomes more capacitive, and the 
power factor goes closer to 0. 


This is the frequency response curve of 


the circuit: At yery,low frequencies, Z É um 
is practically infinite; and the higher the & 6000 
frequency becomes, the lower is the im- N 4000 
Pedance, approaching but never actually 

Teaching the value of R 2000 


+ 
500 1000 1500 2000 2500 3000 
f (cns) i 
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solved problems 


Problem 12. What is the applied voltage in the circuit below? 

The applied voltage is the unknown quantity that has to be found. 
Therefore, the first step is to consider the equations for calculating the 
applied voltage. These equations are 


Earp = IZ 
and Esr = VER? + Ee? 


From the information given in the circuit diagram below, it should be 
obvious that the equation Epp = IZ cannot be used, since to find Z, 
you must know the value of Xo. In turn, to find the value of Xo, you 
must know the frequency of the applied voltage, and that information 
is not given. 


"T rej | «0,5 Ampere 


R = 1002 


C = 20uf 


The applied voltage can only be found, therefore, by the equation 
Earp = VEn? + Ec. Before this can be done, however, the voltage drop 
across the resistance has to be calculated. 

Calculating Ep: 

Er = IR = 0.5 ampere X 100 ohms = 50 volts 

Calculating E4pp: ^ 

Eare = VE? Eg = V(60)? + (75): = V8125 = 90 volts 


Problem 13, What is the impedance of the circuit? 

"Before the applied voltage was calculated, the impedance could not 
be determined. The reasons for this were that in the equation for 
impedance, Z = E,»p/I, the value of E, was not known, while in the 
equation Z = VR* + X;?, the value of X, was not known. Now that the 
applied voltage, E, has been calculated, however, the impedance can 
easily be found: 


Z-E,»/I-90 volts/0.5 ampere — 180 ohms 
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[n 170.5 Ampere 


R -1000 


Eapp 
C = uf 


l 75Volts 


` solved problems (cont.) 


Problem 14. What is the phase angle in the circuit? 
As you know, the three commonly used equations for calculating the 
phase angle, 0, are 
cos 9@=R/Z tan @=X/R tan 0 — Ec/En 


The second equation cannot be used in this problem since the value 
of X; is not known. Enough information is known, however, to use 
either of the other two equations. 


cos 0 — R/Z — 100/180 — 0.555 


0=56.3° 
tan 9 = Eo/Ep = 75/50 = 1.500 
{ 0 = 56.3? 


Problem 15. What is the frequency of the power source in the 
circuit? 


The only way the frequency can be found is if the value of X, is 
known. This can be calculated from the equation for the voltage drop 
across C, since both I and E; are known. Thus,. 


"Eo IX; 
EOS Xo= Ec/I = 75/0.500 = 150 ohms 


With the value of X; now known, the frequency can be found by the 
equation for calculating capacitive reactance: 


i 1 ; ; 
So, iS = = 
9zCX; ^ 628% 0.00002 x 150 `° PS 
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-solved problems (cont. ) 


- 


Problem 16. What capacitance should the capacitor have if the 
lamp is to dissipate its rated wattage? 

To solve this problem, you will find 
100. atf Lamp - it convenient to change the basic equa- 
(100 Resistance) tions to new forms. 

Since you know the lamp's wattage 
rating and resistance, you first have to 
find the current that will cause the 
lamp to dissipate its rated wattage. You 
start with the equation that relates 
power (P), current (I), and resistance (R), or, P = ER. This equation 
can be changed to a form that will allow you to solve for the current 
as follows: . 


P=PR or I?— P/R, which becomes I= VP/R 
Now you can calculate the current required by the lamp: 
I= VP/R— V100/10 = VIO = 3.16 amperes 
It is a series circuit, so 3.16 amperes must flow through the entire 
circuit. With the applied voltage of 110 volts, the circuit impedance 


that will allow 3.16 amperes to flow can be found by Ohm’s Law in 
the form: 


Z=Expp/I= 110 volts/3.16 amperes = 34.8 ohms 


The circuit impedance, which is the vector sum of the resistance of 
the lamp and the reactance of the capacitor, must therefore be 34.8 
ohms. You know the lamp resistance (R) and the circuit impedance 
(Z). To find the capacitive reactance (Xc), the equation for impedance, 
Z= VR2+ X, can be changed as follows: 

Z= VR? 4 X which becomes Z? =R? + Xo? 
Transposing, Xo? = Z? — R? which becomes X; = VZ? — R? 
Therefore, X= V(34.8)? — (10)? = V1411 = 37.6 ohms 


The capacitor must thus have a capacitivė reactance of 37.6 ohms. 
To find the value of capacitance that has a reactance of 37.6 ohms with 


..'a 60-cps applied voltage, you start with the basic equation for capacitive 


reactance and change it as follows: 


set nS 
3 Xo I 9aiCc or 2m fCXg L1 
Solving for C: C= 5 Ee 
"Therefore, ups 
C= l 1 _ _ 70 microfarads 


7638xX60x376  - 14,160 


Her 
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| summary 


In a series RC circuit, since the circuit current flows through both the resist- 
ance and the capacitance, it is used as the phase reference. (1) The voltage 
drop across the resistance is in phase with the current, while the voltage drop 
across the capacitance lags the current by 90 degrees. [] The voltage drop 
across the resistance can be found by E, = IR. © The voltage drop across the 
capacitance can be found by Ec — IXc. 


[] The vector sum of the voltage drops around a series RC circuit equals the `- 
applied voltage: Epp = VE? + Ec?. O The phase angle can be found by: 
tan 0 = Ec/ Ey; or tan 0 = Xo/R; or cos 0 = Ep/E,pp; or cos 9 — R/Z. O The 
equation for impedance in a series RC circuit is Z = VR? + Xo. E] The cur- 
rent is the same through the circuit, and is given by: | = E4pp/Z. 


O The power equations for a series RC circuit are similar to those for series 
| RL circuits. © Since the capacitive reactance, Xc, decreases with an increase 
| in frequency, as the frequency increases, a series RC circuit becomes more 

resistive. 


review questions 


. On a vector diagram of the voltages in a series RC circuit, : 
what circuit quantity is taken as the reference vector? Why? 

2. What is the 10-to-1 rule for resistance and capacitive react- 
ance for a series RC. circuit? 

3. What is meant by leakage current? What effect does leak- 
age current have on the phase relationship for the voltage 

. and current of a capacitor? 

4. What is the resistance in a series RC circuit when the impe- 
dance is 130 ohms, and the capacitive reactance is 50 ohms? 

5. What is the phase angle for the circuit of Question 4? 

6. The applied voltage across a series RC.circuit is 100 volts, 
and causes a current of 5 amperes to flow. What is the mag- 
nitude of the impedance of the current? 

7. 'The power dissipated in a circuit is 500 watts, the impedance 
is 10 ohms, and the phase angle is 60 degrees. What is the 
value of the current in the circuit? 

8. What is the value of the apparent power of a circuit that dis- 
sipates 500 watts, and has a power factor of 0.25? 

9. Between what values can the power factor of a series RC cir- 
cuit be found? Why? 

.10. What is the voltage across the APAGO in a series RC cir- 
cuit when the applied voltage is 100 volts, and the voltage 
across the resistor is 80 volts? 
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parallel RC circuits: 


In a parallel RC circuit, one or more resistive loads and one or more 
capacitive loads are connected in parallel across a voltage source. 
There are, therefore, resistive branches, containing only resistance, 
and capacitive branches, containing only capacitance. The current that 
leaves the voltage source divides among the branches, so there are 
different currents in different branches. The current is, therefore, not 
a common quantity, as it is in series RC circuits. 


pes Fauvalent Is This Circuit 


When calculating the total circuit quantities of 
applied voltage, line current, impedance, and 
power, resistive and capacitive branches should 
first be reduced to their simple single equivalents 


The description of parallel RC circuits contained on the following 
pages will cover parallel circuits that contain only a single resistive 
branch and a single Capacitive branch. Circuits that contain more than 
one resistive or capacitive branch are identical, except that when solv- 
ing them for overall circuit quantities such as impedance or line cur- 
rent, the resistive or capacitive branches must first be reduced to their 
equivalent single resistive or Capacitive branch. 
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voltage 


In a parallel RC circuit, as in any parallel circuit, the applied voltage 
is directly across each branch. The branch voltages are, therefore, equal 
to each other, as well as to the applied voltage, and all three are in 
phase. So if you know any one of the circuit voltages, you know all of 
them. Since the voltage is common throughout the circuit, it serves 
as the common quantity in any vector representation of parallel RC 
circuits. This means that on any vector diagram, the reference vector 
will have the same direction, or phase relationship, as the circuit 
voltage. The two quantities that have this relationship with the circuit 
voltage, and whose vectors therefore have a direction of zero degrees; . 
are the circuit resistance and the current through the. resistance. 


In a parallel RC circuit, each branch 
voltage is the same as the applied voltage 


Phase relationships between the various 
quantities in a parallel RC circuit are 
expressed in relation to how they differ 
phasewise from the circuit voltage. The 
reason for this is that the voltage is the 
same throughout the circuit, and so pro- 
vides a basis for expressing phase 
differences 


As a Waveform 


Eapp: Ep, and Ec 


As a Vector 


Caen 0 
Epp: Ep, and Eç 
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branch current | 


The current in each branch of a parallel RC circuit is independent 
of the current in the other branches. Current within a branch depends 
: only on the voltage across the branch, and the resistance or Capacitive. 


reactance contained in it. The current 


in the resistive branch is calcu- 
lated from the equation: à 


Ir = Egpp/R 
The current in the capacitive branch is found with the equation: 


Ig = Eqpp/Xo 


~ The current in the resistive branch is in phase with the branch voltage, 


Current in Current in 
Resistive Branch Capacitive Branch 
Ik = EApp/R Ic = Eapp/X¢ 
IR d lc lo 
= E E 
5 APP APP. 
ern ea R 
APP. x iti 
Curent and . Current in capacitive. 
and voltage are in Current leads voltage by branch leads current in 
phase 90° 


resistive branch by 90° 


While the current in the capacitive branch leads the branch voltage by 
- 90 degrees. Since the two branch voltages are the same, the current 


in the capacitive branch Ce) must lead the current in the resistive 
branch (Ix) by 90 degrees. 
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Line current in a parallel RC circuit is equal to the VECTOR SUM 1 
of the currents in the resistive and capacitive branches 


Circuit Vector Calculation 


Representation 
LINES lune = ig? + Ie? 
A J a + (0.592 
— 


1.1 Ampere 
Io/IR 
0.5/1 = 0.5 
26.6° 


y 
2 
" 


—— 
EJ 
m 
> 
a] 
RJ 
S 
5 
$ 
"ow 


IR IIRA 6 
1 Ampere 0.5 Ampere 


line current 


Since the branch currents in a parallel RC circuit are out of phase 
with each other, they have to be added vectorially to find the line cur- 
rent. The two branches are 90 degrees out of phase, so their vectors 
form a right triangle, whose hypotenuse is the line current. The equa- 
tion for calculating the line current, Ip;yx, is 


Ims = VE t Io 


If the impedance of the circuit and the applied voltage are known, 
the line current can also be calculated from Ohm’s Law. PT 


Iim =E/Z 


The tine current is the vector sum of the resistive and capacitive currents 


Line Current 


Capacitive 
Current 


N $ 
N Resistive Current 


Capacitive current leads the resistive current by 90° 


4-70 | PARALLEL RC CIRCUITS 


line UE (cont.) 


Inasmuch as the current in the resistive branch of a parallel RC 
circuit is in phase with the applied voltage, while the current in the 
capacitive branch leads the applied voltage by 90 degrees, the sum of 
the two branch currents, or line current, leads the applied voltage by 
some phase angle less than 90 degrees but greater than 0 degrees. The 
exact angle depends on whether the capacitive current or resistive 
current is greater. If there is more capacitive current, the angle will 
be closer to 90 degrees; while if the resistive current is greater, the 
angle is closer to .0 degrees. In cases where one of the currents is 10 


The line current in a parallel RC circuit 

will have a phase angle somewhere 

between 0 and 90°, leading. The value lc2 
of à depends on the relative values of 

the capacitive and resistive currents 

in the branches 


or more times greater than the other, the line current can be consid- 
ered to have a phase angle of 0 degrees if the resistive current is the 
larger, or 90 degrees if the capacitive current is the larger. The value 
of the phase angle can be calculated from the values of the two branch 
currents with the equation: 

tan 0—Ic/Ig 


By substituting the quantities I; — E/X. and I, — E/R in the above 
equation, two other useful equations for calculating the phase angle, 9: 
can be derived. They are: 


tan 0 — R/X; cos 0 — Z/R 


Once you know the line current and the applied voltage in à parallel 
RC circuit, you can find the circuit power using the same equations. 
you learned for parallel RL circuits. These are: 


Parraren —Eapplumg 
Panvg = Ej plug cos 0 
where cos @ is the power factor. 


—————^ 
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current waveforms 


Since the branch currents in a parallel RC circuit are out of phase, 
their vector sum rather than their arithmetic sum equals the line cur- 
rent. This is the same condition that exists for the voltage drops in a 
series RC circuit. By adding the currents vectorially, you are adding 
their instantaneous values at every point, and then finding the average 
or effective value of the resulting current. This can be seen from the 
current waveforms shown. They are the waveforms for the circuit 


solved on page 4-69. 


RMS Value 


of ILINE 
(1.1 Ampere) 


N 
NS 
RMS Value ^x. 
of Ig 


(1 Ampere) 


ES 


RMS Value 
of lp —— 
(0.5 Ampere) 


z| 


Every point on the line current waveform (Line) is the algebraic 
sum of the instantaneous values of the Ip and Ig waveforms. The 
rms value of the line current waveform is thus shown to be equal 
to the vector sum of the rms values of the Ip and Iç waveforms. 
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P In a Parallel RC Circuit: 
RxXc 
V RZ Xc? 


30x30 —— 900 


"Vang 42.4 


21 Ohms 


ZES 


" 


When resistance and capacitive reactance are equal, the 
impedance is not one-hali tne value of either one, or 15 
ohms, as you might suppose based on your knowledge of 
parallel resistances 


impedance 


: The impedance of a parallel RC circuit represents the total opposition 
to current flow offered by the resistance of the resistive branch and the 
capacitive reactance of the capacitive branch. Like the impedance of 
a parallel RL circuit, it can be calculated with an equation that is similar 
to the one used for finding the total resistance of two parallel re- 

.Sistances. However, just as you learned for parallel RL circuits, two 
vector quantities cannot be added directly; vector addition must be 
used. Therefore, the equation for calculating the: impedance of a 
parallel RC circuit is 


where VR? F Xg is the vector addition of the resistance and capacitive 
reactance. : 

In cases where you know the applied voltage and the circuit line 
current, the impedance can be found simply by using Ohm's Law in the 
form: 

Z = Eapp/TIymz 


The impedance of a parallel RC circuit is always less than the resistance 
or capacitive reactance of the individual branches. 

The relative values of X, and R determine how capacitive or resistive 
the circuit line current is. The one that is the smallest, and therefore 
allows more branch current to flow, is the determining factor. Thus, if 
Xo is smaller than R, the current in the capacitive branch is larger than 
the current in the resistive branch, and the line current tends to be 
more capacitive. The opposite is true if R is smaller than Xo: When 
Xc or R is 10 or more times greater than the other, the circuit will 


operate for all practical purposes as if the branch with the larger of 
the two did not exist. 
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effect of frequency ; 


As in all RL and RC circuits, the frequency of the applied voltage 
determines many of the characteristics of a parallel RC circuit. Fre- 
quency affects the value of the capacitive reactance, and so also affects 
the circuit impedance, line current, and phase angle, since they are 
determined to some extent by the value of Xo. The higher the frequency 
of a parallel RC circuit, the lower is the value of Xo. This means that 
for a given value of*R, the impedance is also lower, making the line 
current larger and more capacitive. Conversely, the lower the frequency, 
the greater is the value of Xo, the larger is the impedance, and the 


The characteristics of a parallel RC circuit vary with 
different frequencies 


AT A FREQUENCY 
OF 800 CPS 


AT A FREQUENCY 
OF 200 CPS 


As the frequency increases, the 
impedance comes closer and closer 

. tothe value of Xp, which is approaching 
zero; and as the frequency decreases, the 
edance comes closet to the value of R 
SR asi ie Pe TRAVERSE 


AT A FREQUENCY 
OF 400 CPS 
RS TT 


This is the frequency, response curve 


i : c 
Š 

of the circuit 2 1 
N 20 


0 $+} 
200. 400 600 800 1000 1200 
f (cps) 


smaller and more resistive is the line current. The same circuit, there- 
fore, can have a small, resistive line current at low frequencies, and a 
large, capacitive line current at high frequencies. Furthermore, since 
according to the 10-to-1 rule, you can neglect the branch with the 
smaller current when one of them is 10 or more times larger than the 
other, depending on the frequency, a parallel RC circuit can act as a 
simple series resistive or capacitive circuit. 
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‘solved problems 


Problem 17. Im the circuit, find the impedance, the branch currents, 
the line current, the phase angle (0), and the true power. 


An inspection of the circuit diagram shows that you are being asked 
to solve for all of the unknown quantities, with the exception of the 
Capacitive reactance, Xo, and the apparent power. However, to find the 
impedance, you have to know Xo, and so it too must be calculated. 

Calculating Xo: ^ 
DN 1 1 

27£C 6.28 x 60 x 0.000002 ~ 0.000754 
Calculating Z: 


Xo 


1326 ohms 


RXo 1000 X 1326 1,326 000 3 
Z———À = = 9206, = 798 ohms 
VRP +X V (1000)? + (1326)? 1661 


Calculating Branch Currents: You should be aware here that to find 
the line current, phase angle, and true power it is not necessary that 
you calculate the branch currents, since you know the applied voltage 

_ and impedance, and could therefore use Ohm’s Law: The branch cur- 
rents are being calculated only because they were asked for. 


Ir = E/R= 110 volts/1000 ohms — 0.11 ampere 


Ib =E/X, = 110 voits/1326 ohms = 0.083 ampere 
Calculating Irryp: 


lug = V T+ I= 


Calculating @: 


V (0.11)? + (0.083)? = V0.019 = 0.14 ampere 
tan 0 — R/X,— 1000/1326 = 0.754 0—37* 

Calculating True Power; 

Pron = Ely cos 0 


= 110 x 0.14 X 0.798 = 12.3 watts 
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comparison of series and 
parallel RC circuits 


Series RC Circuit 


Parallel RC Circuit 


Current 


It is the same everywhere in circuit. 
Currents through R and C are, there- 
fore, in phase. 


It divides between resistive and ca- 
pacitive branches. 


Iron = Y 
Ir = Eqpp/R 


Current through C 
through R by 90°. 


c : 
lc = Eapp/Xc 
leads current 


Voltage 


Vector sum of voltage drops across. 
R and C equals applied voltage. 
Earp = VER + Ec 
Voltage across C lags voltage across 
by 90°. 


Voltage across each branch is same 
as applied voltage. Voltages across 
R and C are, therefore, in phase. 


En = Ec = Ehpp 


Impedance 


It is the’ vector sum of resistance 
and capacitive reactance. 


Z= VREF X 


“It is calculated the same as parallel 
resistances, except that vector addi- 
tion is used. 


Z —RX,/ VR? -F Xe 


Phase 
Angle (8) 


It is the angle between circuit cur- 
rent and applied voltage. 
tan 0 = Ec/Eg = Xc/R 
cos 0 — R/Z 


It is the angle between line current 
and applied voltage. 


tan 9 = lc/In — R/Xc 
cos 0 — Z/R 


Power 


Power delivered by source is apparent power. Power actually consumed in 


circuit is true power. Power factor 
power is true power. 


Papparent = EApp! 


Prrur = Eappl cos 6 


determines what portion of apparent 


P.F.—cos @ 


Effect of 
Increasing 
Frequency 


Xc decreases, which in turn causes 
circuit current to increase. Phase 
angle decreases, which means that 
circuit is more resistive. 


Xc decreases, capacitive branch 
current increases, and so line cur- 
rent also increases. Phase angle 
increases, which means that circuit 
is more capacitive. 


Effect of 
Increasing 
Resistance 


Phase angle decreases, which means 
that circuit is more resistive, 


Phase angle increases, which means 
that circuit is more capacitive. 


Effect of 
Increasing 
Capacitance 


Phase angle decreases, which means 
that circuit is more Yesispve. 


Phase angle increases, which means 
that circuit is more capacitive. 
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summary 


© In a parallel RC circuit, the.applied voltage is the same across each branch. 
It is therefore used as the phase reference. [] The current through each 
branch of a parallel RC circuit is independent of the current through the other 
branches. The current in the resistive branch is found by Ir = Expr/R. 
The current in the capacitive branch is found by lo = Expp/Xg. O The line 
current is found by adding the branch currents vectorially. lrıne = Vie + le? 
It can also be found by Ohm's Law for a-c circuits: | = E/Z. > 


L] The phase angle of a parallel RC circuit is given by: tan 0 = Ic/1g; or tan 
0 = R/Xc; or cos 0 = Z/R. O The impedance is found by adding the parallel 
oppositions vectorially. The equation for impedance is Z = RXc/ (YR? + Xc2). 


O -The power equations for a parallel RC circuit are identical to those for 
` series RC circuits. Since capacitive reactance, Xç, decreases with increas- 


ing frequency, the parallel RC circuit approaches a pure capacitive circuit as 
the frequency is increased. 


review questions 


1. What is meant by line current in a parallel RC circuit? 


For Questions 2 to 10, consider a parallel RC circuit with an ap- 
plied voltage of 100 volts, a resistor with a resistance of 20 ohms, 
and a capacitor with a capacitive reactance of 10 ohms. 

2. What is the current through the resistor? Through the ca- 
pacitor? 
- What is the voltage across the resistor? Ac 
- What is the impedance of the circuit? 
- Whatis the phase angle of the circuit? 


- What is the apparent power? The true power? The power 
factor? 


ross the capacitor? 


-. What is the value of the line current? 


. By how much does the frequency have to be multiplied for 
ud parane Circuit to become, effectively, a capacitive cir- 
cuit? 


2 Answer Questions 3 to 5 for the condition where the fre- 
quency is doubled. - 


: Answer Questions 5 to 7 for the condition where the fre- 
quency is tripled. 


‘ 
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LCR circuits 


You have learned the fundamental properties of resistive, inductive, 
and capacitive circuits, as well as circuits that contain resistance and 
inductance, and resistance and capacitance. You will now learn about 
circuits that contain all three of the basic properties of inductance — 
(L), capacitance (C), and resistance (R). These circuits are called 
LCR circuits, and may consist of either series or parallel combinations 
of inductance, capacitance, and resistance. You will find that every- 
thing you have learned previously about resistive, inductive, and capaci- 
tive circuits is involved in the analysis of LCR circuits. In addition, 
though, some entirely new properties and characteristics are involved. 


Purely Resistive Circuits contain only resistance ; RC Circuits. contain resistance and capacitance 
c Er 
R 5 
R CT 
ne y c 
Purely Inductive Circuits contain only inductance * 


Purely Capacitive Circuits contain only capacitance 


C c C 
d - LCR Circuits contain inductance, capacitance, and resistance 
5 
c 


OE LC Circuits contain ndctance and capacitance 
| j 
L 
cay 


RL Circuits contain resistance and inductance 


R. 
4 ^ : 


L 


The description of LCR circuits given on the following pages is di- 
vided into two parts: one covering series circuits, and the other parallel 


` Circuits, For both the series and parallel types, pure LC circuits are 


Covered first. These are circuits that have inductance and capacitance, 
but no resistance, After LC circuits are thoroughly described, resistance 
will be included, and practical LCR circuits analyzed. 
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series LC circuits 


A series LC circuit consists of an inductance and a capacitance con- 
nected in series with a voltage source. There is no resistance in the 
circuit. Of course, this is impossible in actual practice, since every circuit 
contains some resistance. However, since the circuit resistance of the 
wiring, the coil winding, and the voltage source i$ usually so small, 
it has little or no effect on circuit operation. 


A Series LC Circuit 


EaP = c= 
l= Xe= 
L= a= 


x = m e= i | 


Ina series LC circuit, the The quantities in series LC 
inductance and capacitance circuits that you will normally 
are connected in series, so be interested in are the applied 
the total circuit current voltage, EAPP; the current, |; 
flows through both. Since the the inductance, L; the inductive 
inductance and capacitance feactance, XL; the capacitance, 
are in series, their reactances, C; the capacitive reactance, 

" X, and Xç, are also in series XC; the impedence, Z; and the 


phase angle, 9 


As in all series circuits, the current in a series LC circuit is the same 
at all peints. So the current in the inductance is the same as, and 


therefore in phase with, the current in the capacitance. Because of this, 


on any vector diagram of a series LC circuit the. direction of the cur- 


gree, direction. All other quantities, 
he voltage drops in the circuit, are 
se relationship to the circuit-current- 
uits, current is chosen as the phase 
cause the phase angle of the current 
e phase angle of the current depends 
it does change. What is important is 
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Series LC Circuit 5 


e | 
r k Vector Representation 
Eapp EL 
(20 Volts) | 
(ee : k l 
| Be 5 SR 5 
(40 Volts) (20 Volts) 90 


The applied voltage is equal to the vector sum of the voltage drop across the inductance 
(EL) and the drop across the capacitance (Ec). If EL is larger than Ec, the current is 
purely inductive, so the applied voltage leads the current by 90°; and if EC is larger 
than EL, the current is purely capacitive, so the applied voltage lags the current by 90° 


voltage 


When a-c current flows in a series LC circuit, the voltages dropped 
across the inductance and the capacitance depend on the circuit current 
and the values of X;, and Xc. The voltages can be found by: 


E,—IX, and  Eg=IX, 


The voltage across the inductance leads the current through it by 90 
degrees, while the voltage across the capacitance lags the current 
through it by 90 degrees. Since the current through both is the same, 
the voltage across the inductance leads that across the capacitance by 
180 degrees. You will remember that in a series RL or RC circuit, be- 
cause of the phase differences, the -vector sum of the voltage drops 
equals the applied voltage. This is also so in a series LC circuit. There 
is a difference, though, in how vector addition is used for LC circuits, 

In RL and RC circuits, the voltage vectors are 90 degrees out of 
phase, so the Pythagorean Theorem is used to add them. However, the 
method used to add véctors that differ by 180 degrees, you remember. 
is to subtract the smaller vector from the larger and assign the xesultant 
the direction of the larger. When applied to LC series Circuits, this 
means that the applied voltage is equal to the difference between the 
voltage drops across the inductance and capacitance, with the phase 
angle between the applied voltage and the circuit current determined 
by the larger of the voltage drops. As an example, suppose that the 
Voltage drop across the inductance was 50 volts and that across the 
capacitance 40 volts, The applied vóltage would be 10 volts (50 — 40), 
and would lead the current by 90 degrees, since the larger voltage drop 
Was across the inductance. 


K 
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alice (cont. ) 


A unique property of series LC circuits is that one of the voltage 
drops, either E; or Ee, is always greater than the applied voltage. More- 
over, in some cases, both of the voltage drops are greater than the ap- 
plied voltage. The reason for this, as you will learn more about later, 
is that the reactances of the inductance and capacitance play a dual 
role in the circuit. They act together in opposing the circuit current, 
whereas they act independently in causing their voltage drops. 

When: the reactances act together, their phase relationship is. such 
that they tend to cancel a portion of each other. The total opposition 
they offer to the current is therefore less than either would offer indi- 
vidually, so a larger current flows than either would allow by itself. 
When this current flows, though, it causes a voltage drop across the 
full value of each individual reactance. In effect, the voltage source 
"sees" a circuit with little opposition to current flow, and so puts out 
a relatively large current. But in flowing around the circuit, the current 
meets opposition which the source does not “see.” 


Ina; series LG circuit, one or both of the voltage 
drops are always greater than the applied voltage 


| (1000 Volts) 
E -1000 Volts 
; 
Eapp Eapp 4 l 


100 Voits (100 Volts) 


: 1 
Ec=900 Volts Eg 
| D (900 Volts) 


Both voltage drops 
are greater than 
the applied voltage 


j So the total voltage 
drop equals 
the applied vo 


But the voltage 
drops are 180 


out of phase Itage 


n preni point that you should remember is that although one 
yx sm i the voltage drops is greater than the applied’ voltage, they 
" nas dg = iiec One of them effectively cancels a portion 

; er, so that the total volta: i if 
plied’ voltage. ee SR vec em 
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voltage waveforms ^ . 


You saw on the previous page a circuit that had individual voltage 
drops of 1000 volts and: 900 volts, and yet the voltage source was only 
100 volts. The reason for this was that the voltage drops were 180 
degrees out of phase. Because of their phase difference, the two voltage 
drops had to be added vectorially. And since their phase difference was 
such that one voltage, in effect, canceled a portion of the other, the 
vector addition was done by algebraic addition. Thus, one voltage was 
considered positive, and the other hegative, and the two quantities were 
added algebraically. As shown, the waveforms of the two voltage drops 
can also be added algebraically, and the average or effective value of 
the resulting waveform is the average or effective value of the applied 
voltage. 


RMS Value 
of Ej. 


(1000 Volts) 


RMS Value 


of Eapp —s. 
(100 Volts) 0 


360^ 


RMS Value 
of Eg ave 


(900 Volts) 7: 


Every pointon the applied voltage waveform (Eapp)is the 
algebraic sum of the instantaneous values of the Ej and 
Eg Waveforms 
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Circuit Vector Representation Calculation 


Z-X - Xc 
= 200 - 90 
= 110 Ohms, inductive 


impedance 


You will recall from series RL and RC circuits that it was convenient 
to consider resistance, inductive reactance, and capacitive reactance 
as vector quantities because of the phase relationships between the 
voltage drops they cause and the circuit current. The direction of these 
vector quantities was then the same as the direction of their respective 
voltage drops, And as a result, the impedance vector had the same 
direction as the applied voltage. These same techniques are used to 
determine the impedance of series LC circuits. 

The inductive reactance, like the voltage across the inductance (E;), 
leads the circuit current (which is the G-degree reference) by 90 
degrees, and the capacitive reactance, like the voltage across the capaci- 
tance (Eg), lags the current by 90 degrees. Since the current is the 
same in both, the inductive reactance is 180 degrees out of phase with 
the capacitive reactance. The impedance is then the vector sum of the 
two reactances. The reactances are 180 degrees apart, so their vector 
sum is found by subtracting the smaller one from the larger. If the 
inductive reactance is the larger, the equation for impedance is 
Z=Xy, — Xo. And if the capacitive reactance is the larger, the equation 
is Z=X,—X,, ' 


‘ Unlike RL and RC circuits, in which the impedance was a combina- 
tion of resistance and reactance, the impedance in an LC circuit is 
either purely inductive or purely capacitive. It is purely inductive if 
n i the larger reactance, and purely capacitive if X is the larger. 

sually, the type of the impedance is Specified directly after the im- 
pedance value, For example, an impedance of 50 ohms, capacitive; 
or 10 ohms, inductive. If the impedance is capacitive, the current is 


purely capacitive; and if the i ; 
? e impedance is i ive, the current is 
purely inductive. Inductive; 
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current : 


The same current flows through both the inductance and capacitance 
in a series LC circuit. If the inductive reactance (Xi) is the greater 
of the two circuit reactances, the current is purely inductive, and lags 
the applied voltage by 90 degrees. And if the capacitive reactance (Xo) 
is the larger reactance, the current is purely capacitive, and leads the 
applied voltage by 90 degrees. As far as the current and applied voltage 
are concerned, therefore, a series LC circuit is either a purely inductive 
or purely capacitive circuit: inductive if the impedance, which is the 
net reactance, is inductive, and capacitive if the impedance is capaci- 
tive. The magnitude of the current is related to the applied voltage and 
impedance by Ohm's Law for a-c circuits. So if the applied voltage and 
impedance are known, the current can be calculated from the equation: 


ISEgpp/Z 


The thought may have occurred to you: “What happens if the two 
reactances are equal?” This is entirely possible, and as a matter of 
fact is very often the case. If the two reactances were equal in a purely 


The magnitude of the current in series 
LC circuits is determined by Ohm's Law 


4 


hiis 


The phase angle between the current 
and applied voltage depends on the 
relative values of Xj, and XC 


XL | j Ë . 90° $ 
APP LA! ! 

A] l Eapp 

Xc 90° 

If Xj is the larger reactance, the current If Xc is the larger reactance, the current 

lags the voltage by 90° leads the voltage by 90° 


LC circuit, which we are considering now, the impedance would be 
zero, So with no opposition, an infinitely large current would flow. Of 
course this is never the case, since every circuit has some resistance, 
In actual circuits, when the two reactances are equal, large currents 
do flow, with the magnitude of the current limited only by the circuit 
resistance. This condition is called resonance, and will be covered later. 
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The power delivered:to the inductance is:stored 


ANA in'the magnetic field wlien the field is 
x». Power i \ expanding, and retumed to the source when 
; T Delivered | $9], the field collapses . 
Eapp. 


mmu n 


" ii y The power delivered to the capacitance is 
KÈ WANS Stored in the electrostatic field when the 
^ capacitor is charging, and retumed toithe 

Power i Source when the capacitor discharges 


Wht 
Retumed Li : 
None of.the power delivered: to the circuit by the 


n eerie Source is consunied. It-1s all returned to the 
True Power-in an Ideal LC Circuit is Zero Source. The true power, which is the power 


consumed, is thus zero 


power / 


Tn ia series LC circuit, power is delivered by the source to both the 
inductance and capacitance. The energy represented by the power 
delivered to the inductance is stored in the magnetic field around the 
inductance, and that delivered ito the capacitance is stored im ‘the 
electrostatic field between the capacitor plates. Since theoretically there 
is no resistance in the Circuit, all of the stored energy is returned to 
the source each time the magnetic field around the inductance collapses 
and the capacitor discharges, There is thus a constant interchange of 
Power, ‘or energy, between the source and the circuit, but mo power 
consumption. Inasmuch ‘as true power is the power actually consumed, 
or dissipated, in a circuit, the true power in a pure LC circuit is zero, 
The apparent power, which is the total power delivered by the source, 
is the sum of the powers delivered to the inductance and Capacitance, 
It is equal :to the applied voltage times the circuit current, or: 


Parranese = Eyppl 


The circuit power factor is equal ‘to the cosine of the phase angle 
between 


Poros = Ex cos 
j SEqp xo=0 
Actually, all circuits contain Some resistance, of course, so the power 


factor į r : 
T A8 never zero because gf the power dissipated ‘by ‘the vesistance. 


Whi i i 
rsen the resistance js very low, though, for all practical purposes ithe 
Power factor can «be Considered zero, 
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effect of frequency 


In series RL and RC circuits, a definite relationship exists between. 
the impedance, and the frequency of the applied voltage. Increasing 
the frequency of an RL circuit, or decreasing the frequency of an RC 
circuit, results in an increase in impedance. Similarly, decreasing the 
frequency in an RL circuit, or increasing the frequency in an RC cir- 
cuit, causes a decrease in impedance. 

In series LC circuits; however, no similar clear-cut relationship 
exists between the impedance, and the frequency. The impedance is 
controlled by the frequency, but an increase or:decrease in the frequency 
depends on the relative values of the inductive and capacitive re- 
actance. For example, in one circuit, an increase in frequency may 


The effect:of frequency changes ‘on series ‘UC circuits 
depends on the relative valves of X, and Xo 


[m INCREASE IN f AND A DECREASE IN Z |. y 


X, = 10050 

XL -251.0 th js : 
Xc-- 3981n 160icps 3 ED 
a 10r 
Z - 37300, capacitive lif =~ PUET 


X = 25120 X, = 10/0480 
Xo -40000 Xo = 995n 
Z = 14880, Z = 90530 
capacitive inductive 


Although the impedance is controlled by the frequency, 

no relationship ‘can'be specified. “As shown, the identical 

increase: in frequency Can cause an increase in impedance 

in one circuit, anda decrease in anather 
cause an increase in impedance, while in another circuit, the same 
increase in frequency could cause a decrease in impedance. In the 
Same way, a decrease in capacitance can cause an indrease in im- 
pedance in one circuit amd a decrease in another, The ‘situation can 
even occur where a certain increase, say in inductance, will cause a 
decrease in impedance, but a further increase in the inductance will 
Cause the impedance to increase. It is, therefore, usually ‘best ‘to -actu- 
ally calculate the new impedance whenever a change occurs in the 
frequency ‘of a series LC circuit. 
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solved : problems 


Problem 18. 


What is the current in the circuit? 

According to Ohm's Law for a-c circuits, the equation for current is 
I= E,»»/Z. The voltage is given, but the impedance is not, and must 
therefore be calculated. Before you can calculate the impedance, 
though, the two reactances, X, and Xo, must be determined. Thus, the 


Sequence for solving this problem is to first calculate X; and Xo, then 
Z, and finally I. 1 


` Cllculating X; and Xs: 
X, = 27fL = 6.28 X 60 x 5 — 1884 ohms 


1 1 
Xo— 326 = 638 x 60 x 0.00002 — 133 ohms 


Calculating Z: X, is larger than Xo, so the equation for Z is 


Z= X; — X; = 1884 — 133 = 1751 ohms, inductive 
Calculating I: 


I= E,pp/Z= 220 volts/1751 ohms = 0,125 ampere 


Problem 19: What is the phase angle between the applied voltage 
and current in the above circuit? 

] The phase angle in all purely LC circuits is 90 degrees; thus, in this 
Circuit, the angle must be 90 degrees. And since the impedance was 
inductive, the applied voltage leads the current. 

Problem 20. What are the voltage drops across the Teactances? 
Each voltage drop is independent, and depends only on the circuit 


current and the value of reactance. So, 


Ey = IX, = 0.195 x 1884 = 936 volts 
Eo= IX; = 0.125 X 133 = 17 volts 


Notice that the voltage drop across the inductance (Ej) is greater 
than the applied voltage of 290 volts. 
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solved problems (cont. ) 


Problem 21. Which of the following circuits are inductive and 


which are capacitive? 
esc This Circuit is 
Capacitive 


X, = 27fL = 6.28 X 30 X 2 = 377 ohms 


1 1 
2mfC ~ 6.28 x 30 x 0.000001 


Z = Xo — X; = 5300 — 377 = 4923. ohms, capacitive 


This Circuit is 
Capacitive 


X; = 27fL = 6.28 X 60 X 5— 1884 ohms 


1 1 
C— 94€ — 638 X 60 x 0.0000001 


Z= Xo — X, = 265,000 — 1884 = 263K, capacitive 


= 5300 ohms 


X = 265K 


This. Circuit is 
Inductive 


X,=27fL = 6.28 x 1000 X 5 — 31 ohms 
Xp xL 8 ol 
€ 94fC — 6.28 x 1000 x 0.000020 — %onms 
Z= X, — Xo = 31 — 8 = 23 ohms, irductive 


Ese This Circuit is 


Capacitive 
(peso aps 


X, = 9gfL = 6.28 x 200 x 200—251 ohms 


X MTM 1 
C= 9uf6 — 6.28 x 200 x 0.0000001 


Z-X,— X, = 7900 — 251 = 7649 ohms, capacitive 


— 7900 ohms 
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. summary 


© A series LC circuit consists of an inductance and capacitance in series, 
with no resistance in the circuit. O Since the current is the same throughout 
the circuit, it is used as the phase reference. The voltage across the induc- 
tor in a series LC circuit leads the current through it by 90 degrees. It is equal 
to: Er, = IX,. O The voltage across the capacitor lags the current through it 
by-90 degrees. It is equal to: Ec = IX.. [1 Because the voltages are 180 
degrees out of phase with each other, the total, or applied, voltage is equal 
to the arithmetic difference of the two. O The phase angle is determined by 
the larger of the two voltage drops. $ 


C] In a series LC circuit, either E; or Ee, or in some cases both, are greater - 
than the applied voltage. The impedance of a series LC circuit is either 
purely inductive or purely capacitive, depending upon the magnitudes of the 
reactances. Usually, the type of impedance is specified after the impedance ` 
value. 1 Ohm's Law for a-c circuits applies in series LC circuits: | = Espp/Z: 


O In a pure series LC circuit, the true power is zero. O The power factor is 
also zero. [] Because both X;, and Xe are dependent on frequency, there is 
no definite relationship between impedance and the frequency. The impedance 


depends on the relative values of the inductive and capacitive reactances in 
the circuit. 


review questions 


1. In a series LC circuit, can either the voltage across L and/or 
C ever be greater than the applied voltage? 


For Questions 2 to 10, consider a series LC circuit with an ap- 
plied voltage of 100 volts; a capacitor with a voltage drop of 140. 
volts; and an inductor with an inductive reactance of 20 ohms. 


2. What is the current in the circuit? 

- What is the impedance of the circuit? 

What is the apparent power of the circuit? 

What is the true power of the circuit? 

- What is the phase angle of the circuit? . 
What is the power factor of the circuit? 

What is the capacitive reactance? 

Answer Questions 2 to 8, where the frequency of the applied 


voltage is doubled. (Hint: The voltage across the capacitor 
is no longer 140 volts.) 


Answer Questions 2 to 8, w 
voltage is halved, 


here the frequency of the applied 
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\ 
In series LOR circuits, the sequence in which the 
inductance, capacitance, and resistance are con- 
nected has no effect on the circuit, The three 
circeit diagrams, therefore, are identical 


Any practical series LC circuit contains some resistance. When the 
resistance is very small compared to the circuit reactances, it has almost 
| mo effect on the circuit and can be considered as being zero, which is 
| what was done on the preceding pages. When the resistance is appre- 
| ciable, though, it has a significant effect on the circuit operation, and 
| therefore must be considered in any circuit analysis. It makes no dif- 
| ference whether the resistance is the result of the circuit wiring or coil 
windings, or whether it is in the form of a resistor connected into the 
circuit. As long as it is appreciable, it affects the circuit operation and 
so must be considered. As a general rule, if the total reactance of the 
circuit is not 10 times or more greater than the resistance, the resistance 
will have an effect. 

Circuits in which the inductance, capacitance, and resistance are 
all connected in series are called series LCR ciruits. You will see that 
the fundamental properties of series LCR circuits, and the methods 
used to solve them, are similar to those that you have learned for 


series LC circuits, The differences are caused by the effects of the re- 
sistance. : 


| 
| 
| 
| 
| 
| 
| 
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voltage 


Since there are three elements in a series LCR circuit, there are 
three voltage drops around the circuit: one across the inductance, one 
across the capacitance, and the other across the resistance. The same 
current flows through each circuit element, so the phase relationships 
between the voltage drops are the same as they are in series LC, RL, 
and RC circuits. The voltage drops across the inductance and capacitance 


The VECTOR SUM of the voltage drops in a series 
LCR circuit is equal to the applied voltage 


Circuit Calculation 


Eg = 50 Volts Epp ER? “(EL - Eo)? 
= J (50) + (100-20)? 


= 54 Volts 


EL = 100 Volts 


tan v = Ey/ER 


= 20/50 - 0.4 


are 180 degrees out of phase, with the inductive voltage drop (E;) 
leading the resistive voltage drop (Ej) by 90 degrees, and the capacitive 
voltage drop (Ec) lagging the resistive voltage drop (Eg) by 90 degrees. 

The vector sum of the three voltage drops -is equal to the applied 
voltage. However, to calculate this vector sum, a combination of the 
methods you have learned for LC, RL, and RC circuits must be used. 
You first have to calculate the combined voltage drop of the two re- 
actances. This value is designated Ex, and is found, as in pure LC 
circuits, by subtracting the smaller reactive voltage drop from the 
larger. The result of this calculation is the net reactive voltage drop, 
and is either inductive or capacitive, depending on which of the indi- 


vidual voltage drops was larger. As an equation, the net reactive voltage 
drop can be written; 


à Ex =E,,— Eo 
if E; is larger than Eg; or : 


- Ex =E,—E 
if Eg is larger than Ej, S n 
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Once the net reactive voltage drop is known, it is added vectorially 
to the voltage drop across the resistance, using the Pythagorean 
Theorem. The equation for this vector addition is 


Eyre = VER? + Ex? 


The vector addition of all three voltage drops can be put into one equa- 
tion by substituting in the above equation the values of Ey given on 
the previous page. Thus, 


Earr = VER + (Er — Eo)? 
if E, is larger than Eg; or 
Earr = VE” + (Ec — Er)? 


if Eg is larger than Ey. 


Vector Representation 


EL 
(100 Volts) 
Ex Ex EApp. 
ER (20 Volts) ER 20 Volts 54 Volts 
(50 Volts) (50 Volts) a 
> — — - a ‘ER 
3f) Volts 
EC 
(80 Volts) The vector sum of the. 
net reactive voltage 
The vector sum of two drop and the voltage 
There are three voltage reactive voltage drops drop across the resist- 
drops in a series LOR is the net reactive. ance equals the applied 
circuit voltage drop voltage 


As you can see from the vector diagrams shown, the angle between 
the applied voltage (Earr) and the voltage across the resistance (Ej) 
is the same as the phase angle between the applied voltage and the cir- 
cuit current. The reason for this is that Ej and I are in phase. The value 
of the phase angle can be found from: 


tan Q— Ex/Ey, 
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voliage waveforms 


The voltage waveforms in a series LCR circuit are a combination 
of those in series RL, RC, and, LC circuits. The applied voltage wave- 
form is the sum of the instantaneous values of three voltage wave- 
forms, all 90 degrees out of phase, rather than of two voltages less 
than 90 degrees out of phase, as in RL and RC circuits, or of two volt- 
ages 180 degrees out of phase, as in LC circuits. Because of their dif- 
ferent phase relationship, the vector addition of the three voltage drops 
in an LCR circuit has to'be done in two steps; first the two reactive 
voltage drops, and then their resultant and the resistive voltage drop. 
When they are represented as waveforms, though, the three voltage 


drops can be shown to add simultaneously to produce the applied volt- 
age waveform. / 


RMS Value 


“RMS Value 
of Ec 
(80 Volts) 


RMS Value 


of Eapp ~ 
(54 Volts) 


RMS Value 
of ER 


(50 Volts) 


j 


Every point on the applied voltage waveform (Eqpp) is the 


algebraic sum of the instantaneous 


values of the EĻ, Eg, 
and Ep waveforms 
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The impedance of a series LCR circuit is the VECTOR 
SUM of the inductive reactance, the capacitive re- 
actance, and the resistance 


Circuit Calculation 


a Pima a 
R= 330 Z g ACATAR 
= Je? + as- 


96 Ohms, capacitive 


EapP Xi = 90.0 
lan o = X/R 
X= 1800 = (180-90)/33 = 2.72 
0 = 69.8 


impedance 


The impedance of a series LCR circuit is the vector sum of the in- 
ductive reactance, the capacitive reactance, and the resistance. This 
vector addition is the same type as you have just learned for adding 
the voltage drops around a series LCR circuit. The two reactances are 
180 degrees out of phase, so the net reactance, designated X, is found 
by subtracting the smaller reactance from the larger. Therefore, 


X= X, — Xo 
if X, is larger than Xo; or 
J X= Xp — X, 
if Xo is larger than Xr. 


The impedance is then the vector sum of the net reactance and the 
resistance, and is calculated by the Pythagorean Theorem: 


Z= VF Æ 


If the equations for the net reactance and impedance are combined, 
the impedance can be calculated from a single equation, which is 


Z= VR? + (Xi — Xo)? 
if X, is larger than Xo; or 
Z= VR? + Xo- XL} 
if Xo is larger than Xr. 
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When X, is greater than Xe, the net reactance is inductive, and the 
circuit acts essentially as an RL circuit. This means that the impedance, 
which is the vector sum of the net reactance and resistance, will have 
an angle between 0 and 90 degrees. Similarly, when X,, is greater than 
X, the net reactance is capacitive, and the circuit acts as an RC circuit. 
The impedance, therefore, has an angle somewhere between 0 and 
90 degrees. In both cases, the value of the impedance angle depends on 
the relative values of the net reactance (X) and the resistance (R). 
The angle can be found by: 


tan 0 = X/R 


Vector 
Representation 


At 
(Gu) |. R R 
da (930) pes la (330) = la. 3n) 
m m TE. g =v} 
y 
X Y EZ 
(900) (900) (960) 
Xg 
(1800) 
The vector sum of XL, The vector sum of Xp The vector sum of the 
Xg, and R equals the and Xp is the net re- net reactance and the 
resistance js the im- 
circuit impedance actance, X 


pedance, Z 


A point you should notice 
circuit is that its y. 
of X, and X. 


about the impedance of a series LCR 
alue depends on the resistance and the relative values 
High reactances do not necessarily mean a high im- 
pedance. A circuit can have very large reactances, but if their differ- 
Gace; or X, is small, the impedance will be low for a given value of 
resistance. And if R is Sreater than X, the impedance will be more Te 


Sistive. The 10-to-1 rule applies E 
: applies to X a as i OA on opi 
m an RL or RC circuit. Ern 
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The current in a series LCR circuit is calculated n 
from Ohm's Law for a-c circuits: =E appre 


R 
(1000) 


When X|. is greater than Xç, the current acts as When X¢ is greater than XL, the circuit acts as. 


an RL circuit, so the current lags the voltage an RC circuit, so the current leads the voltage 


The same current flows in every part of a series LCR circuit. If the 
impedance and the applied voltage are known, the magnitude of the 
current can be calculated by Ohm’s Law for a-c circuits: 

I= Eapp/Z 
The current always leads the voltage across the capacitance by 90 
degrees, lags the voltage across the inductance by 90 degrees, and 
is in phase with the voltage across the resistance. The phase relation- 
ship between the current and the applied voltage, however, depends 
on the circuit impedance. If the impedance is inductive (X; greater 
than Xo), the current is inductive, and lags the applied voltage by some 
phase angle less than 90 degrees. And if the impedance is capacitive 
(Xo greater than X;,), the current is capacitive, and leads the applied 
voltage by some phase angle also less than 90 degrees. The angle of 
the lead or lag is determined by the relative values of the net reactance 
and the resistance according to the equation: 

tan @=X/R 
The greater the value of X, or the smaller the value of R, the larger is 
the phase angle, and the more reactive (or less resistive) is the current. 
Similarly, the smaller the value of X, or the larger the value of R, the 
more resistive (or less reactive) is the current. If either R or X is 10 or 
More times greater than the other, the circuit will act essentially as 
though it was purely resistive or reactive, as the case may be. 
. Other useful equations for calculating the phase angle can be de- 
rived from the vector diagrams for impedance and applied voltage; 
Two of these equations are 


cos Q— R/Z tan Q = Ex/Eg 
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power 


In a pure LC circuit, you will recall that the true power is zero, since 
all of the power delivered by the source is ‘returned to it. In a series 
LCR circuit, the power delivered to the inductance and capacitance 
is also returned to the source, but in addition, power is dissipated by the 
resistance in the form of I?R heating. This power represents true power, 
since by definition, true power is the power dissipated, or “used-up,” 
in the circuit. Thé amount of true power depends on the value of the 
resistance and the current flow. As was pointed out previously, the im- 
pedance of a series LCR circuit, and therefore the circuit current, is 
determined in large part by how close the values of X;, and X, are. The 
closer they are, the lower is the impedance, the greater is the circuit 
current, and the larger is the true power for a given resistance. You can 
see, then, that anything that affects the relative values of X, and Xo 
will also affect the power dissipated in the circuit. 


Power 
Delivered 


Power 
Returned 


Eapp 


The total power delivered by the source 
is the apparent power. Part of this 
PTRUE = EAppl cos @ apparent power, called the true power, 
is dissipated by the circuit resistance 
in the form of heat, The rest of the 
apparent power is returned to the source 
by the circuit inductance and capacitance 


The value of the true power in a series LCR circuit can be calculated 
from the standard equation for power in a-c circuits: 


Prrun = Eqppl cos 0 


I. iM can also be written as Popp, = IZ cos 0; and since from 
'ector diagram for im ; lso be 

pedance, R — Z cos 0, true power can also 
expressed as: > 0, true pow 


Perron = PR 
The apparent power, which i 
: ; Which d A 
is simply equal is the total power delivered by the sourc 


to the applied voltage times the circuit current, or 


PipPAnENT E Exppl 
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effect of frequency 


You will recall that in series LC circuits, although frequency affects 
the characteristics of the circuit, there is no clear-cut relationship be- 
tween an increase or decrease in frequency and a corresponding in- 
crease or decrease in circuit impedance or current. The reason for this 
is that when frequency is increased, X, also increases, but Xo decreases; 
and when frequency is decreased, X, increases while X, decreases. 
The impedance, on the other hand, varies as the difference between 
X, and Xo. So, whether the impedance increases or decreases depends 
on what the relative values of X, and X; were before the frequency 
change took place. 

As you will learn later, for every series LCR circuit there is one fre- 
quency, called the resonant frequency, at which X; and X, are equal. 
The frequency is determined by the values of the inductance and 
capacitance, and is unaffected by the circuit resistance. Any change 
in frequency away from the resonant frequency will result in an in- 
crease in the net reactance and the impedance, and a resulting de- 
crease in current.*A change which brings the frequency closer to the 
resonant frequency will have the opposite effect. Net reactance and 
impedance will decrease, so circuit current will increase. This is cov- 
ered later. è 


(Ohms) (Ohms) 


T f (cps) —o= f (cps) ——== 
X, increases as frequency increases Xç decreases as frequency increases 


Resonant 
A Frequency. 


f (cps) —= 

For every combination of inductance and capacitance, the Xq and Xç curves 
intersect at one point, where the values of Xi. and XC are equal, and which corre- 
Sponds to the resonant frequency. Any change in frequency from this point 

results in an increase in impedance. Conversely, if the. frequency comes 

Closer to this point, impedance decreases 
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solved problems 


110 Volts 


Problem 22. What is the current in the circuit? 
The current is calculated from the equation I= E,),/Z. The applied 


voltage is given, but the impedance has to be determined before the ` 
current can be calculated. 


. Calculating Z: X, is larger than X,., so the equation for Z is 
Z= VR! + (X, = Xo)? = V(50)? + (180 — 150)? — 58 ohms, inductive 
Calculating I: 


I=E,pp/Z = 110 volts/58 ohms = 1.9 amperes 
Problem 23. What is the relationship between the current and the 
applied voltage? 
With the equation that is known, the phase angle, 0, between the 
current and the applied voltage can be calculated with either of the 
equations: tan 0 = X/R, or cos 0 = R/Z. 


X X, — X, 30 
t L € — o 
ang-—-u- = E = -p = 0.6 0—31 
cos 0 — R/Z = 50/58 = 0.862 7 0— 31? 


The impedance of the circuit is inductive, since X, is greater than 
Xo, So the current lags the applied voltage, as it does in all inductive 
circuits. A complete description of the phase relationship between the 


current and the applied voltage, therefore, is that the current lags the 
voltage by 31 degrees. 


Problem 24, How much power is consumed in the circuit? 

Consumed power is true power, and you know that the true power 
can be calculated from the equation Porus = Expl cos 0. However, you 
also know that another form of the equation for the true power i$ 
Pouce = FR. Since you know the values of both I and R, you can use 
this equation. Very often, by using this equation you will avoid the 
necessity of finding the value of 0 in trigonometric tables. 


Pang = PR = (1.9)? X 50 = 181 watts 
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solved problems (cont.) 


100 Volts 


Problem 25. What are the voltage drops between AB, BC, CD, BD, 
and AC? 

Before the voltage drops can be found, the circuit current has to be 
calculated; but before this can be done, the impedance must be de- 
termined. X, is larger than Xe, so the impedance is calculated from the 
equation: 


Z= VR? + (X; — Xo) = V(30)? + (60 — 20)? 
= V9500 = 50 ohms, inductive 
The current can now be found by using Ohm’s Law: 
I= E,p,/Z = 100 volts/50 ohms = 2 amperes 


Knowing the current, you can now calculate the voltage drops: 
Calculating Voltage Drop AB: The voltage drop across the resistance 
is equal to the current times the resistance. 


Ej = IR = 2 amperes x 30 ohms = 60 volts 


Calculating Voltage Drop BC: The voltage drop across the inductance 
is equal to the current times the inductive reactance. 


E; -—IX,-92 amperes X 60 ohms = 120 volts 


Calculating Voltage Drop CD: The voltage drop across the capacitance 
is equal to the current times the capacitive reactance. 


Eo — IX; = 2 amperes x 20 ohms = 40 volts 


Calculating Voltage Drop BD: Voltage drop BD is the net voltage, 


Ex, across the two reactances. It is equal to the difference between the 
two individual voltages E,, and Eg. 


Ex = Ey, — E; = 120 — 40 = 80 volts 


Calculating Voltage Drop AC: Voltage drop AC is the vector sum 
of the voltage drops across the resistance and the inductance. These 


two voltages are 90 degrees out of phase, so they can be added vectori- 
ally by the Pythagorean Theorem: . 


Eic = VER + E; = V (60) + (120): = 134 volts 
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summary 


A series LCR circuit consists of an inductor, a resistor, and a capacitor in 
series. The net reactance of the circuit determines whether the circuit 
behaves like an RL or RC circuit. The total reactive voltage of a series LCR 
circuit is given by: Ex = E; — Eg, for Ej, greater than Ec; and Ex = Ec — Er, 
for E,. greater than Ej. The applied voltage is equal to the vector sum of 
the resistor voltage and the total reactive voltage: E, pp = VEg + Ex”. The 
phase angle is given by tan 0 = Ex/E,; or tan 0 = X/R; or cos 0 = R/Z. 


O The impedance of a series LCR circuit is the vector sum of the resistance 
and net reactance: Z = VR? + X7, where X is the net reactance, and is equal 
to Xi — Xe, or Xe — Xr- The current is equal to: | = E,»,/Z. It leads or 
lags the applied voltage depending on the net reactance of the circuit. 


O Unlike a pure LC circuit, the LCR circuit does dissipate power in the resis- 


tor: Prnos = Eappl cos à = IZ cos 0 = IPR. The apparent power is equal 
to: Pappar =E,ppl. O The true power can also be found by Parry = 
PaprAnEyT X power factor. The frequency at which the net reactance is 


zero, or where X; equals Xe, is known as the resonant frequency. 


review questions 


1. Can the voltage across the inductor or the capacitor in a 
series LCR circuit ever be greater than the applied voltage? 

2. Can the voltage across the resistor in a series LCR circuit 
ever be greater than the applied voltage? 


For Questions 3 to 8, consider a series LCR circuit with an. ap- 
plied voltage of 200 volts, an impedance of 100 ohms, an induc- 


live reactance of 50 ohms, and a capacitive reactance of 130 
ohms. 


- What is the value of the resistance? 

. What is the phase angle of the circuit? 

: What is the current in the circuit? 

: What is the apparent power? The true power? 

- What would be the impedance if the frequency were doubled? 

- What would be the impedance if the frequency were halved? 

. The applied voltage across a series LCR circuit is 200 volts, 
the voltage across the resistor is 160 volts, and the voltage 


across the inductor is 300 volts. What values can exist across 
the capacitor? 


- Answer Question 9, where the volt 
100 volts. (Hint: There is only on: 


age across the inductor is E 
e solution.) 
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Resonance was briefly described as a condition that occurs when 
the inductive reactance and capacitive reactance of a series LCR cir- 
cuit are equal. When this happens, the two reactances, in effect, cancel 
each other, and the impedance of the circuit is equal to the resistance.. . 
Current, therefore, is opposed only by the resistance, and if the re- 
sistance is relatively low, very large currents can flow. Remember, 
though, that the two'reactances cancel each other only as far as their 
opposition to current is concerned. They are still present in the circuit, 
and because of the large current that flows when they are equal, ex- 
tremely high voltages drops exist across them. 


Series Resonance Occurs When: 
X, EQUALS Xc 


R= 1000 
Enpp Eapp R= 1000. 
| Xq =809 
Xo= 800 
At resonance, the circuit at left looks like the Resonance occurs when the reactances are equal, 
P citcdit'at right Fo tlie voltage source not when the inductance equals the capacitance 


-The two identifying characieristics of resonance in a series LCR 
circuit are low impedance and large current. Actually, for any given 
circuit, the impedance is at its minimum and the current is at its 
maximum at resonance. 

The type of resonance that is being described is really called series 
resonance. This is to distinguish it from another type of resonance 
called parallel resonance that occurs in parallel LCR circuits. Parallel 
resonance is covered later. 
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factors that determine resonance 


The three circuit parameters involved in determining resonance 
are frequency, inductajice, and capacitance 


Since resonance occurs when X; and X, are equal, resonance is 
affected by the frequency of the applied voltage, the inductance, and 
the capacitance. Frequency affects both X; and Xo, while inductance 
affects only X;, and capacitance only Xo. 

For any given combination of an inductance and a capacitance, there 
is one frequency at which X, will equal X,. This frequency is called 
the resonant frequency for that particular combination. For example, 
a combination of a 1-henry inductance and a 4-microfarad capacitance 
has a resonant frequency of 80 cps. 

The values of X, and X in a circuit are dependent on the frequency 
according to the equations: 


X,=20fL and X= 


Since at resonance, X, equals Xe, the right-hand sides of these two 
equations must also be equal at resonance. So, 


der 
Pe Date 
When this equations is solved for f, the result is 
Ud 
qi 2m VLC 


With this equation you can fin 
nated fj, of any combinatii 


value of inductance that will resonate with a particular value of capaci- 


tanci rtai e y E + 
€ at a certain frequency, and vice versa, with these equations: 


d the resonant frequency, usually desig- 
on of L and C. You can also determine the 


i= 
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In most practical applications of series resonant circuits, the values 
of the inductance and capacitance are set, and the frequency is the 
variable quantity that determines whether or not a circuit is at res- 
onance. At the resonant frequency, X, and X, effectively cancel each 
other, and the circuit impedance equals the value of the resistance. 


Z= VR + (X-X) = VR F0 =R 
The circuit is, therefore, completely resistive. 
Below resonance, Xo incteases 


and Xy. decreases, so the cir- 
cuit is capacitive 


1 
| Above resonance, X, increases 
| and Xç decreases, so the cir- 

| ^ 

| cuit is inductive 

I 


Resonant 
Frequency 


Value of 
Résistance 


Impedance ———a=> 


l 
th 


Frequency ———t 


The frequency-vs.-impedance curve shows that at the resonant 
frequency, the impedance is at its minimum value, which equals 
the circuit resistance, Both above anc below the resonant fre- 
quency, the impedance increases 


If the frequency is varied above or below the resonant frequency, 
the net reactance, which is the difference between X, and Xo is no 
longer zero. The net reactance, therefore, has to be added to the re- 
sistance, and so the impedance increases. The further the frequency 
is varied from the resonant frequency, the greater the net reactance 
becomes, and the higher the impedance becomes. A characteristic 
of series resonant circuits is that when\ the frequency is above the 
resonant frequency, X; is greater than Xo, so the circuit is inductive; 


and when the frequency is below the resonant frequency, Xo is greater 
than Xz, and the circuit is capacitive. 


i 
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current at and off resonance 


The impedance of a series LCR circuit is minimum at resonance, 
so the current must, therefore, be maximum. Both above and below 
the resonant frequency, circuit impedance increases, which means 
that current decreases. The further the frequency is from the resonant 
frequency, the greater is the impedance, and so the smaller the Epp 
becomes. At any frequency, the current can be calculated from Ohm's 
Law for a-c circuits, using the equation I — E/Z. Since at the resonant 
frequency the impedance equals the resistance, the equation for cur- 
rent at resonance becomes [= E/R. 

1f the frequency of an LCR circuit is varied and the values of current 
at the different frequencies are plotted on a graph, the result is a curve 
known as the resonance curve of the circuit. 


R=1000 


If the frequency of the 
applied voltage is varied 
from 100 to 600 kc, these 
are the values of imped- 
ance and current , . . 


L-2mh 


] C= 80pf 
Pee me rast And this is the resonance 
curve 
uU We Dae Resonant Frequency 
200 7,433 4.0 398 KC 
300 2,862 10.48 
"bo 350 1,270 23.6 
398 100 300 a 
400 122 246 2 
450 1,240 24.2 = 
2,302 13.0 e 
4,221 71 


This is the characteristic Shape of the 
Tesonance curve. Actual resonance 200 400 600 
Curves are not always symmetrical 


Frequency (kc) 


Above Tesonance, impedance is 


iti i s 
{ wee Aaen Eais resistance, so current and volt- inductive, so voltage leai 


age are in phase current 


À ce is 
At resonance, impedance equals Below resonance, impedar 


SERIES RESONANCE 4-105 


the resonance band 


Resonant = Resonant 
Frequency Frequency 


Maximum Maximum (fg) 
Current at Current at [-— 
Resonance Resonance 


0,707 of 0.707 of 
Maximum Maximum [- 
Current Current 


OU Tte f f2 
-—+—- Bandpass I-——Bandpass — 


RESONANCE BAND, OR BANDPASS EQUALS fp — f] 


The range of frequencies at which the current has a value of 0.707 
or greater times its value at the resonant frequency is called the 
resonance band, or bandpass 

` 


From the resonance curve shown on the previous page, you can 
see that although maximum current occurs only at the resonant fre- 
quency, there is a small range of frequencies on either side of resonance 
where the current is almost as large as it is at resonance. For practical 
purposes, within this range, or band, of frequencies, the circuit is at 
resonance. This band of frequencies is called the resonance band, or 
bandpass, of the circuit, and serves as a basis for rating or comparing 
circuits that are used for their resonant properties. Normally, the band- 
pass is considered as that range of frequencies between which. the 
circuit current is 0.707, or greater, times its value at resonance. Thus 
if the current in a particular circuit is 2 amperes at resonance, the 
bandpass of the circuit is that portion of the resonance curve between 
the two points corresponding to 1.414 amperes (0.707 x 2). You can 
see from this that the width of the bandpass depends on the shape of 
the resonance curve. Curves, which because of their shape have a wide 
separation between the points corresponding to 0.707 of resonance 
current, have a wide bandpass. Those with a small separation between 
the 0.707 points have a narrow bandpass. " 

The resonance band or bandpass of a circuit is also often referred 
to as the bandwidth. All three terms mean the same thing. 
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effect of resistance 
on resonance band 


The resonant frequency of a series LCR circuit depends only on the 
values of the inductance and capacitance. The resistance of the circuit 
has nothing to do with the resonant frequency. This is obvious from 
the equation for calculating the resonant frequency: 


we RUD 
RO VIC 
Any two values of L and C whose product is the same will have the 


same resonant frequency, regardless of the resistance of the circuit. | 


High 
Resistance 


Resonant 
Frequency 


Medium 
Resistance 


Current ——> 


Frequency — —— a= 
The circuit resistance determines the height and flatness of the resonance curve 


Although the resis 
frequency, it does 
impedance at resonance is 


is small; very 
is large, the c 
is the same, 
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effect of resistance 
on resonance band (cont.) 


Since the resonance curve of a series LCR circuit shows how the cur- 
rent varies with frequency, the shape of the curve depends on the value 
of the circuit resistance. As shown, the greater the resistance, the lower 
is the maximum height of the curve. The reason for this is that the 
high point on the curve corresponds to the current at resonance. In ad- 
dition, the greater the resistance, the flatter is the curve. The reason 
for this is that off resonance, the shape of the curve, or the circuit 
current, is controlled by both the net reactance and the resistance. The 
net reactance depends on the frequency, but the resistance remains 
the same for all frequencies. So the higher the resistance, the greater 
is the relative control it has on the current, and the more it tends to 
limit the current to a constant value. 


Resonant 
Frequency 


LOW 
RESISTANCE 
CIRCUIT 


Resonant 
Frequency 
1 


MEDIUM 
RESISTANCE 
CIRCUIT Resonant 


Frequency 
| 


UC 
1. HIGH 

| RESISTANCE 
|. CIRCUIT 


Bandpass—| 


The resistance also determines the bandpass of the circuit Bandpass 


A ee E 


The flatter a resonance curve is, the further apart are the points 
corresponding to 0.707 of peak, or resonant, current. This means that 
the flatter the curve, the wider the bandpass; and since resistance de- 
termines the flatness of the resonance curve, the higher the resistance 


the wider the bandpass. Similarly, . 
> y, the smaller th 
rower the bandpass. T B resistance, the mar- 
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: e. 
quality 


At resonance, the voltage drop across the resistance of a series 
resonant circuit equals the applied voltage, while the voltage drops 
across the inductance and capacitance are usually many times higher. 
The ratio of the voltage drop at resonance across either the inductance 
or capacitance to that across the resistance is used to express the 
quality of a series resonant circuit. This ratio is called the Q of the 
circuit, and is equal’ to either E,/E, or Ec/Eg. Since E, and Ec euo 
equal at resonance, either voltage can be used to find the Q of a cir- 
cuit. If E, is used, the equation Q = E; /E, can also be written in the 
form Q=IX,/IR, which can then be reduced to what is the standard 
equation for Q. 

Q=X,/R 
You can'see from this equation, that the low 


er the resistance, the higher 
the Q, or quality, of the resonant circuit. 


The Q, or quality, of a series resonant circuit is 


A circuit with a 
high Q E 
has a 

narrow bandpass 


A circuit with a. 
low Q 

hasa 

wide bandpass 


Current —à9- 
Current ——$» 


fg 
Frequency —m- 


fg 
Frequency —8» 


Notice that the equation for the Q of the series resonan 
as you learned earlier in this volume for the Q of a coi 
resistance of a coil is important in fesonant circuits 


it LCR circuit is the same 
. This shows why the d-c 
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You may wonder at this point whether series resonant circuits serve 
any practical use. The answer is yes; not only are they used in practical 


- applications, but they are used extensively. Practically all applications 


of series resonant circuits make use of their property of allowing a 
large current to flow at frequencies in the resonance band, and pro- 
viding a high opposition to current flow at frequencies outside of the 
resonance band. They are thus used because of their ability to dis- 
criminate against frequencies outside of the resonance band. As shown, 
a series combination of inductance, capacitance, and resistance can be 
connected in a circuit in such a way that it causes the circuit to re- 
spond only to those frequencies within the resonance band. Or, the 
same LCR combination can be connected so that the circuit responds 
only to those frequencies outside of the resonance band. The operation 
of the LCR combination is identical in both cases, but its effect on 
the overall circuit is different. 

Another use of series resonant circuits is to achieve a gain in voltage. 
You know that at resonance, the voltage across X;, and X; can be many 
times greater than the applied voltage. In certain applications, the 
voltage across either X;, or X; is used as an output voltage to perform 
some function. Since this voltage is larger than the applied voltage, 
which is the input voltage, a voltage gain has been accomplished in 
the circuit. 


Wal. 


L 1000 Volts 


100 Volts R At resonance, the drop across L 
100 Volts zm can be used for a voltage 
ain 


1000 Volts 
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practical uses (cont.) 


In this circuit, the current through the 
resistance, Ip, produces the output volt- 
age. At resonance, X_ cancels Xp, so 
lhe circuit current, which is also Ig, is 
maximum, Above and below resonance, 
the circuit impedance increases, and | 
drops sharply. Thus, only the frequen- 
cies at or around resonance produce a 
useful output voltage 


In this circuit, the voltage across Rs, 

= Ep3, produces the output. At reson- 
ance, the reactances of L and C are 
opposite and equal, and effectively 

7 Cancel each other. So the impedance 

of the LCR circuit is 10 ohms. This 
makes the parallel combination of R 
and R3 10 ohms. Most of the voltage 
is then dropped across Rj. Off 
resonance, though, the impedance of 
the LCR circuit can be much higher 
than 1000 ohms, so R3 can drop much 
more than Ry. As a result, only the 
frequencies away from résonance will 
produce a useful output voltage 
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solved problems 


100 Voits 


Problem 26. What is the Q of the circuit? 

The Q can be calculated from the inductive reactance and resistance, 
using the equation Q=X;,,/R. Or it can be found from the voltage drop 
across L or C and the drop across R, using either the equation 
Q—E,/E, or Q= E;/Eg. No matter which method is used, though, 
one of the reactances has to be found first; and to do this, you have 
to know the resonant frequency (fr) of the circuit. Depending on the 
method you choose for finding Q, the following are the calculations 
ygu have to perform: 


If you use Q=X,/R |. If you use Q — E;/En 
(1) Find fr (1) Find I 
(2) Find X, (2) Find fr 
(3) Find Q (3) Find X; 
(4) Find E, 
(5) Find Q 


You can see from this comparison that the problem can be solved more 
easily using the equation Q = X,/R. 
Calculating the Resonant Frequency, fr: 
f dicat 1 
2 — 2mVLC 6.28 x V0.005 x 0.00000001 


Calculating X,: The inductive reactance at the resonant frequency 
(fr) is the value to be calculated. 


X; = 2mfyL = 6.28 x 22,500 x 0.005 = 707 ohms 
Calculating the Q: 
Q = X,/R = 707/10 = 70.7 
Problem 27. What is the bandwidth of the circuit? 
Since the Q of the circuit is known, the bandwidth can be easily 
calculated from the equation: 
Bandpass (cps) = fp/Q=22,500/70,7 = 318 cps 
This means that for practical purposes the circuit can be considered 
as resonant at frequencies between 22,341 and 22,659 cps. 


= 22,500 cps = 22.5ke _ 
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Solved problems (cont.) 


250 Volts 
1000 cps 


Problem 28. Is the circuit inductive or capacitive? 

A circuit is inductive if X, is larger than Xo and capacitive if Xo 
is larger than X;. So you could solve this problem by calculating Xr 
and Xo, and seeing which is larger. This would require two separate 
calculations. The problem can be solved with one calculation if you te 
member that when the frequency of a series LCR circuit is below the 
resonant frequency, the circuit is capacitive; and if the frequency is 
above the resonant frequency, the circuit is inductive. So all you have 
to do is calculate the resonant frequency and compare it to the actual 
circuit frequency. The resonant frequency, then, is 


1 1 1 
f= Oe VLC = 628x VIXUOUE ^ oos = 28 CPS 


The circuit frequency of 1000 cps is higher than the resonant frequency 
of 38 cps, so the circuit is inductive. 

Problem 29. What is the current in the circuit? 

The current is found using the same methods that apply to any series 
LCR circuit. This means that X; and X; must first be found, then the 
impedance, Z, and finally the current with the equation I — E/Z. 

Calculating X; and Xo: 

Xy, = 2mfL = 6.28 x 1000 x 1= 6280 ohms 
it 


Xo— 10. ^ 6283 1000 nnnm = 8 ohms 


1 
6.28 x 1000 x 0.00002 — 


Calculating Z: 


Z= YR * (X, X) — (80): F (6280 — 8): = 6272 ohms 
Notice here that thi 
X;. The reason for 
effect of Xo is ne 


€ impedance has almost exactly the same value 5 

this is that X, is so much larger than Xo that ; 

: gligible. In practical work, if X, is more than d 

times larger than Xo, the value of X; could actually be neglected, 2” 

the impedance Considered equal to X 
Calculating I: x 


I= E/Z = 250 volts/6272 ohms = 0.040 ampere 
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summary 


Series resonance in a series LCR circuit occurs at the frequency at which 
the net reactance is zero. [] At resonance, the impedance is minimum, and 
current is maximum. The resonant frequency is fy, = 1/(2z VLC). At 
resonance, the series LCR circuit is completely resistive. O Above resonance, 
Xy is greater than Xo, and the circuit is inductive. [] Below resonance, Xo is 
greater than X,, and the circuit is capacitive. The;resonance curve indicates 
values of current at different frequencies. 


O The bandpass of a series LCR circuit is that range of frequencies between 
which the circuit current is 0.707, or greater, times its values at resonance. 
E] The resonance band, or bandpass, of a circuit is also called the bandwidth. 
E] Resistance in a series LCR circuit affects the flatness of the bandpass, The 
higher the resistance, the wider the bandpass; the smaller the resistance, the 
narrower the bandpass. 


The Q of a circuit is the ratio of the voltage drop across the inductor or | 
capacitor at resonance to the voltage across the resistor. Q = E, / En = Ec/ Em. 
Other equations for Q are Q = X,/R and Q = Xc/R. O The bandpass of á 
series LCR circuit is given by: Bandpass = f,/Q. O The deviation above and 

` below the resonant frequency is 1/2 the bandpass. 


review questions 


` 1. What is the resonant frequency of a series LOR circuit hav- 
ing an L of 15 yh, a C of 15 uf, and an R of 10 ohms? 

. For the circuit of Question 1, what is the value of Q? 

. Derive the equation for the bandpass of a series LCR circuit 
in terms of the resistance and inductance. (Hint: Substitute 
for Q in the bandpass equation. ) ; 

. What is the bandwidth of a series LCR circuit with R equal 
to 6.28 ohms and L equal to 50 millihenrys? 

. What is the power factor for a series resonant circuit? 

. If 50 volts is applied to a series LCR circuit with R equal to 
5 ohms, X;, equal to 23.2 ohms, and X. equal to 49.6 ohms, 
what current will flow at resonance? 

. If 50 volts is applied to a series LOR circuit whose Q is 10, 
what is the voltage across the capacitor at resonance? 

. In a series LCR circuit, what determines the flatness of the 
bandpass curve? 

. At resonance, is a series LCR circuit inductive? 

. A series LCR circuit has a current of 20 amperes at its reso- 
nant frequency of 100 ke. What is the bandwidth if at 104 ke 
the current is 14.14 amperes? 
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parallel LC circuits 


A parallel LC circuit consists of an inductance and a capacitance con- 
nected in parallel across a voltage source. The circuit thus has two 
branches: an inductive branch, and a capacitive branch. In an ideal 
parallel LC circuit, which we will consider here, there is no resistance 
in either branch. This is of course impossible; but in actual practice, 
the resistance can be made so small as to be negligible. 


In .an ideal parallel LC circuit, there is an inductive 


branch and a'capacitive branch, with no resistance in 
either branch 


TAE 


Parallel LC circuits can have more than one inductive or capacitive 
branch, as well as more than one of both. However, once these circuits 


are reduced to their equivalent two-branch circuit, their analysis is the 
same as that of a simple parallel LC circuit. 


This circuit can be reduced and made 
equivalent to the above circuit 
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In a parallel LC circuit, each branch voltage is the 
same as the applied voltage 


~ Eapp= 
12 Volts 


The voltages acrossthe branches of a parallel LC circuit are the 
same as the applied voltage, as they are in all parallel circuits. Since 
they are actually the same voltage, the branch voltages and source 
voltage are equal to each other and in phase. Because of this, the voltage 
is used as the zero-degree phase reference, and the phases of the other 
circuit quantities are expressed in relation to the voltage. The amplitude 
of the voltage in a parallel LC circuit is related to the circuit impedance 
and the line current by Ohm's Law. Thus, 


E = lime 


Since all the circuit voltages are the same, the 
voltage is used as the zero-degree reference 


Epp, EL, and Ec 


Enpp, EL, and Ec 
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The currents in the branches of a*parallel LC circuit are both out of 
phase with the circuit voltage. The current in the inductive branch 
(IL) lags the voltage by 90 degrees, while the current in the capacitive 
branch (I;) leads the voltage by 90 degrees. Since the voltage is the 
same for both branches, currents Ij, and I, are, therefore, 180 degrees 


Circuit Calculation 


li lc- WINE = lc 7 ty 

Eapp @ 2 Amperes 3 Amperes 3 -2 
= 1 Ampere, 
capacitive 


Vector Representation 


IL? EX 


Line current in a parallel LC circuit is equal to the difference be- 
tween the two branch currents. The phase of the line current is 
the same as the larger branch current 


out of phase. The am 
value of the reactanc 
from: 


plitudes of the branch currents depend on the 
e in the respective branches, and can be found 
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current (coni.) 


The line current for a parallel LC circuit, therefore, has the phase . 
"characteristics of the larger branch current. Thus, if the inductive 
branch current is the larger, the line current is inductive, and lags 
the applied voltage by 90 degrees. And if the capactive branch current 
is the larger, the line current is capacitive, and leads the applied voltage 
by 90 degrees. In equation form, therefore, the line current is 


Thins = Ír — Io (if I, is larger than Ic) 
Thine = Io — I, (if Io is larger than Ij) 


If the impedance of the circuit is known, the line current can also be 
found by Ohm's Law: 
Itme = E/Z s 


A unique property of the line current.in a parallel LC circuit is that 
it is always less than one of the branch currents, and sometimes less 
than both. This is in contrast to all other parallel circuits you have 
studied, in which the line current was always greater than any one 
of the branch currents. The reason that the line current is less than 
the branch currents is because the two branch currents are 180 degrees 
out of phase. As a result of the phase difference, some cancellation 
takes place between the two currents when they combine to produce 
the line current. You will find later that this property is the basis of 
parallel resonance. 


Circuit Calculation 


2 5 n lune = dp 71 
E c LINE = IL 7 Ic 
APP (A2 4 Amperes 1 Ampere Mal 
= 3 Amperes, 
inductive 
Vector Representation 
lp = E/Xc 
1L. Are 2 Eapp 
3 
4 
rete ILiNE 


lp = EX 
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RMS Value 
of lc 


(3 Amperes) 


RMS Value ` 


of IL NE 
(1 Ampere) Of 


RMS Value 
of I. 


(2 Amperes) 


current waveforms 


The waveforms of the currents in a parallel LC circuit are similar 
to the voltage waveforms you have seen for a series LC circuit. All of 
the instantaneous values of two waveforms 180 degrees out of phase 
are added to produce the resulting waveform, which in this case is 
the line current waveform. The current waveforms for the two circuits 
solved on the previous pages are shown. 


RMS Value 
of Ig 


(1 Ampere) 


. RMS Value 2 


of INE 
(3 Amperes) 


RMS Value - 
of IL 


(4 Amperes) 


4 
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impedance 


The impedance of a parallel LC circuit can be found with: 


gi-XuXXa GorX, larger than Xo) 
X, — Xo 

and Z= Xi X Xc (for X; larger than Xj) 
Xc Y Xy 


When using these equations, the impedance will have the phase char- 
acteristic of the smaller reactance. 

For mathematical simplicity, a single equation can be used to "Bind 
Z regardless of whether X, or X; is larger: 


_ XLX Xo 
Ciis amp un 


This is the same equation used for parallel resistances, but since Xj, 
and X, are 180 degrees out of phase, to use this equation, X, is always 
a positive (+) quantity, and X, is always a negative (—) quantity. 
When the relative values of X;, and X, make Z negative, the impedance 
is capacitive. Similarly, when Z is positive, the impedance is inductive. 
Remember that X, is not actually a negative quantity. It is assumed-so 
only for this impedance equation. 


The Impedance of a Parallel LC Circuit is 


When using this equation, XL is always positive (+), 
and Xp is always negative (-) 


z-FKLXXc _ 100 x(-50) _ 75000. 
Xp*Xo = 100+(-50) 50. 

Z = -1000; both Z and IL INE Z = 2000; both Z and ld are, 
are, therefore, capacitive therefore, inductive 


You can see that because of the difference in.sign, the closer. X, 
and X, are in value, the larger is the impedance. When X;, and Xg are 
equal, the impedarice is infinitely large. As you will learn later, the 
circuit is then at resonance. 


If the line current and applied voltage are known, the impedance 
can also be found by Ohm's Law: 


Z = Expp/ ling 
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effect of frequency 


The frequency of the applied voltage affects the values of X, and Xo 
in a parallel LC circuit. Since the value of the impedance is based on 
X; and Xo, the frequency also affects the impedance. But because Xr, 
and X; change in opposite directions for a given change in frequency, 

,no general relationships can be given for the effects óf frequency on 
impedance, as was done for RL and RC circuits. However, as was men- . 
tioned previously in series LC circuits, for every combination of in- 
ductance and capacitance, there is one frequency called the resonant 
frequency, , Where the value of X, equals that of X,. And, as you learned 
on the previous page, when X; and X, are equal in a parallel LC circuit, 
the impedance approaches an infinitely high value. At frequencies 


above and below this resonant frequency, X, and Xo have different 
values, and the impedance is lower. 


THEORETICALLY 2 
APPROACHES 
AN INFINITE VALUE 


N 


fg 


f (cps) —— 


The frequency response curve of 
à parallel LC circuit would look 
like this. The high, or infinite 
Impedance, point on the curve 
occurs at the resonant frequency 


If the frequency changes away 
from this point, the impedance 
decreases, And if the frequency 
changes toward this point, the 
impedance increases 


It can be said, therefore, that in parallel LC circuits, a change i” | 
frequency toward. 


to increase and 


crease. ~*~ 
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solved problems 


100 Volts 
60 cps 
Lj 


Problem 30 P Problem 31 


110 Volts 
400 cps 


1 Ampere 


Problem 30. What is the line current in the circuit? 

The problem can be solved in either of two ways. One is by finding 
the two branch currents, and then using them to calculate the line 
current. The other is by finding the impedance, and then using Ohm’s 
Law to determine the line current. Both methods are equally suitable, 
so we will solve the problem both ways. 

Finding Ijy;yg By the Branch Currents: 


Ij = E,pp/Xy = 100/1000 = 0.1 ampere 
Io = Expp/Xc = 100/600 — 0.166 ampere 


Since I; is larger than I;, the equation for Ii; is 
Thine = Io — L, = 0.166 — 0.1 = 0.066 ampere 
I, was the larger branch current, so the line current of 0.066 ampere 


is capacitive, which means it leads the applied voltage by 90 degrees. 
Finding I,;yp By the Impedance: 


z — XuX Xo _ 1000 x (—600) 
TSERE iam OOO =600) am 


The line current, therefore, is 


Ine = 100/1500 = 0.066 ampere 


—1500 ohms, capacitive 


Since the impedance was negative, the line current is capacitive, and 
So leads the applied voltage by 90 degrees. i 

Problem 31. Im the circuit, which is larger? X, or Xo? 

This problem could be solved by calculating the values of X;, and Xe, 
and comparing them. But since you only have to determine which is . 
larger, the problem can be solved by inspection. The voltages across 


' both branches are the same, so the larger reactance will allow the 


least branch current to flow. Since Ij (1 ampere) is smaller than I 
(5 amperes), X; must be larger than Xo. 3 
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summary. 


L] Because the voltage across each branch of a parallel LC circuit is the same, 
the voltage is used as the phase reference. O The inductive branch current is 
found by: l, = E/X;; and the capacitive branch current by: lo = E/Xc- o 
The line current has the characteristic of the larger branch current, and is 
equal in magnitude to the difference of the two currents: laxe = lg — lo; for 
lz larger than Io; and lrıyg = lo — lr, for lo larger than lj. © The line current 
can also be found by Ohm's Law: lys; = E/Z. 3 


Œ The impedance of a parallel LC circuit is Z= X;Xc/ (Xy, 2X9), for Xr, 
greater than Xo; or Z = X, Xc/ (Xo —X;), for Xo greaterthan.X,. O The parallel 
LC circuit is either capacitive or inductive, depending on the smaller of the 
two parallel reactances. C Impedance in a parallel LC circuit can also be 
found by: Z = X; Xc/ (Xx, + Xe). When using this equation, X, is always assigned 
a negative. (—) sign. The resulting sign of Z then determines whether the 
impedance is inductive (+) or capacitive (—). 


O At the resonant frequency, where Xr 


an'infinitely high value. O At frequenci 
quency, 


equals Xo, the impedance approaches 
es above and below the resonant fre- 
X; and X, have different values, and the impedance is lower than 
at resonance. C] At resonance, the line current in a parallel LC circuit will 


be minimum, and will increase as the frequency is changed above and below 
resonance. 


review questions 


/ 


1. The line current in a parallel LC circuit is 20 amperes, and 
the current through the inductor is 30 amperes. What is the 
current through the capacitor? z 
- If the current through the'inductor in Question 1 is 15 am- 
peres, what is the current through the capacitor? 
3. For a parallel LC circuit, X; is 20 ohms, and X, is 10 ohms. 
WhatisZ? | 
: Answer Question 3; where the values for X, and X, are 
, interchanged. 
- Is the circuit of 


5 Question 3 inductive or capacitive? 
6. Is the circuit of 
7. 


Question 4 inductive or capacitive? 
. Can the line current of a parallel LC circuit ever be greater 
than either or both branch currents? 


At what frequency will an ideal parallel LC circuit approach 
an open circuit? j 


9. What is the line cu: 
10. Will an increase in 
in a parallel LC cj 
Capacitive or more 


rrent for the circuit of Question 8? 
frequency above the resonant frequency 
rcuit cause the circuit to become more 
inductive? 


| 
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A parallel LCR circuit has three branches 


A PURELY A PURELY A PURELY 
INDUCTIVE CAPACITIVE RESISTIVE 
BRANCH BRANCH BRANCH 

L C R 


A parallel LCR circuit is essentially a parallel LC circuit having a 
resistance in parallel with the inductance and capacitance. There are 
thus three branches in the circuit: a purely inductive branch, a purely 
capacitive branch, and a purely resistive branch. You have already 
learned how to analyze and solve parallel circuits that contain any two 
of these branches. You wil now learn how to analyze circuits that 
have all three. 


When you solve parallel LCR circuit problems, 
you are es$entially: 


Solving the LC portion And then solving a parallel RL or RC circuit 


CE 
c = OR @ OR R 
C 


Actually, you will find that the solution of a parallel circuit is basically 
the solution of a parallel LC circuit, and then the solution of either 
a parallel RL circuit or a parallel RC circuit. The reason for this is 
that, as you will recall from the previous pages, a parallel combination 
of L and C appears to the source as a pure L or a pure C. So by solvin 
the LC portion of a parallel LCR circuit first, you, in effect, reduce ae 
circuit to an equivalent RL or RC circuit. 
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voltage 


The distribution of the voltage in a parallel LCR circuit is no different 
than it is in a parallel LC circuit, or in any parallel circuit. The branch 
voltages are all equal and in phase, since they are the same as the ap- 
plied voltage. The resistance is simply another branch across which the 
applied voltage appears. Because the voltages throughout the circuit 


In a parallel LCR circuit, each branch voltage is 
the same as the applied voltage 


Eapp = EL = 
10 Volts 


10 Volts 


Since the circuit voltages are all the same, the 
voltage is used as the Zero-degree phase reference 


E 


app = TpinpZ 
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current 


The three branch currents in a parallel LCR circuit are an inductive 
current (Ij), a capacitive current (Ic), and a resistive current (GE 
Each is independent of the other, and depends only on the applied 
voltage and the branch resistance or reactance. The amplitudes of the 


branch currents are equal to: 
Ij = Eapp/Xr, Io = Eapp/Xc Ir = Expp/R 


The three branch currents all have different phases with respect to 


the branch voltages. I, lags the voltage by 90 degrees, I, leads the 
voltage by 90 degrees, and I, is in phase with the voltage. Since the 


~ voltages are the same, I, and I, are 180 degrees out of phase with 


each other, and both are 90 degrees out of phase with Ig. Because Ip 
is in phase with the voltage, it has the same zero-reference direction 
as the voltage. So Io leads I, by 90 degrees, and I, lags I, by 90 degrees. 


The line current in a parallel LCR circuit is equal to the 
VECTOR SUM of the three branch currents 
Calculation 


ILINE= Vig? * (lp = i 
= VB + ay = 3.16 Amperes 


lan? Ii o/lr 
= 1/3= 0.333 
0 — 18.55 leading 
IR = f 
3 Amperes 


Vector Representation 


l 


C | 
x eM LINE 
BT es E gpp lee 
1 EApp 
I IR 3 IR 


The Teactive branch that has the largest current determines whether the line current leads or lags the 
applied voltage. The relative amplitudes of the total reactive and resistive currents then determine the 


LC 


angle of lead or lag. 


The line current (Inne) is the vector sum of the three branch cur- 
rents, and so can be calculated by adding Ir, Ic, and I, vectorially. 
The different phase relationships between the three branch currents 
make it necessary to perform this addition in two steps. First, the two 
reactive currents are added, using the same methods learned for parallel 
LC circuits, The total of the currents, called Iro, then is 


Ijo—l;-— Ic Gf T; is larger than I,) 
Ij; -—Ig— I; Cif Ig is larger than Ij) 
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current (cont. ) 


To find the line current, the quantity Ij; is then added to Ir, using 
the Pythagorean Theorem. Therefore, 


The = Vl Fhe 


When the equations for these two additions are combined, they give 
the standard equation for line current in terms of the branch currents. 
This is = 


The = V+ (Iz, — I5)? Gf I, is larger than Ij) 
Thine = Vhü- (io =I)? Gf Ig is larger than Ij) 


To find the line current (lLiNE), first 
add the inductive current (li) lo the 
capacitive current (Ic) algebraically; 
to find the total reactive current 
(ij). Then use the Pythagorean 
Theorem with l| c and the resistive 
current, Ip 


Whether the-line current lead. 


; s or lags the applied voltage depends 
on which of the reactiv 


: € branch currents, I; or Ig, is the larger. 1f nt 
s iud Luss lags the applied voltage; and if I, is larger, Iis 1448 
the applied voltage. The exact angle of lead or lag is found by the 
equation: 


: tan à — I, cl In 
Whether the angle is lead 


in i ich branch cut- 
Tent, I, ór Io, £ or lagging depends on whic 


is the larger. 
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current waveforms 


The waveforms of the currents in a parallel LCR circuit are similar 
to the waveforms for the voltages in a series LCR circuit. The in- 
stantaneous values of three out-of-phase waveforms combine to form 
one resulting waveform, which, in this case, is the circuit line current. 
Two of the waveforms are 180 degrees out of phase, and so their in- 
stantaneous values are always of opposite polarity. The third wave- 
form is 90 degrees out of phase with the other two, but in phase with 
the applied voltage waveform. Representative waveforms of a parallel 


LCR circuit are shown. 


RMS Value 
of ICINE 
(3.16 Amperes) 


RMS Value — —7 
Of lp < 
(3 Amperes) 7^ 
RMS A 

/ 
of Ic. / 
(2 Amperes) WE 

- RMS ey 

of IL 


(1 Ampere) 


0 


This is a vector diagram 
Eapp corresponding to the waveforms 
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impedance 


To determine the impedance of a parallel LCR circuit, you must 
first find the net reactance (X) of the inductive and. capacitive ` 
branches. Then, using X, you can find the impedance (Z) the same 
as you would in a parallel RL or RC circuit: j 


Xy X Xo 
Re 

Xi + Xo 
PRR 

VX FR? 


Remember that X;, is a positive quantity, and X, is negative. Therefore, 
both X and Z will also be either negative (capacitive) or positive (in- 
ductive). 


The Impedance of a Parallel LCR Circuit: 
OR Z=Enpp lune 


Circuit — EEA URN 


= 9 Ohms, capacitive 


The current in this circuit is capacitive because BS RE 
the net reactance is capacitive; and this in turn _ = 20/10- 2 
makes the impedance capacitive 0 = 63.4° 


Whenever Z is inductive, the line current will lag the applied volt 
age. Similarly, when Z is capacitive, the line current will lead the 
applied voltage. The exact angle of lead or lag depends ‘on the relative 
values of X and'R. It can be found by the equations: 


tan 0 — R/X or cos 0 = Z/R: 


Again, the 10-to-1 rule given for the other circuits applies here. 


1f the line current and the applied voltage are known, the impede 
can also be found by Ohm’s Law: ! 


tiy T2 JT 
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Approaches an 
infinite value 


Response curve 
of resistanceless 
parallel LC circuit - 


N 


Value of 
|_ _ resistance 


Response curve 
of parallel 
LCR circuit 


—Mf 


The impedance ofa parallel LCR circuit can never be larger than. 
the resistance, no matter how close to the resonant frequency the 
circuit frequency approaches 


effect of frequency 


"The effects of frequency on parallel LCR circuits are similar to 
those for parallel LC circuits. A change in frequency causes changes 
in the values of both Xr, and Xo, but in different directions. And this, in 
turn, results in a change in the circuit impedance. However, the exact 
manner in which the impedance changes depends on the relative values 
of X, and Xe 

A definite relationship between the frequency and the impedance 
can only be stated in relation to the resonant frequency, which, you 
recall, is the frequency that results in X; and X; having equal values, 
This relationship is that any change in frequency towards the resonant 
frequency causes an increase in impedance; whereas a change in fre- 
quency away from the resonant frequency results in a decrease in 
impedance. This is the same relationship that exists in a parallel LC 
circuit. However, there is one important difference. 

, In an LC circuit, there is theoretically no limit to how large the im- 
pedance can go as the frequency approaches the resonant frequency. 
But in an LCR circuit, the impedance can mever be larger than the 
value of the resistance. In effect, the resistance destroys an important 
characteristic of the parallel inductance and capacitance: the ability 


to present a very high impedance to the voltage source. This will be 
Covered later. 
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solved problems | 


[ ILiNE 


Eapp = 220 Volts zpXc-21000 R = 5009 


| I, = 1 Ampere x 


Problem 32. What is the line current in the circuit? 

This problem could be solved in two ways. One is by finding all of 
the branch currents, and using them to calculate the line current. 
The other is by using the equation X, = E,,,,/Ij to find the reactance 
of the inductive branch, and then calculating the circuit impedance 
and using it to find the line current. Here, we will use the branch 
currents to find Irys: E 

Calculating I, and Ij: Since I, is given, only I; and Ij have to be 
found. 

Ig = Egpp/X¢ = 220/100 = 2.2 amperes 


In = Eypp/R = 220/500 = 0.44 ampere 
Calculating Lyyg: 


The current leads the applied voltage, since I,. is larger than Ir. 


Problem 33. What is the phase angle between the current and the 
applied voltage in the circuit? 


tan 0 = I, I, = 1.2, 0.44 = 2.73 0 = 69.9* 


Since I. is larger than I,,, the current leads the applied voltage by 69:9% 


moe 34. How much power is consumed in the circuit? jd 
ower consumed is true Power, since the values of the circuit T 


Sistance and current Ix are known, the true power can be calculate 
from the equation: 


Ponve = TPR = (0.44? X 500 = 97 watts 
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summary 


‘E To solve for the impedance of a parallel LCR circuit, the parallel LC circuit 
is solved first, and then the net reactance is combined with the resistor as a 
parallel RL or RC circuit. The parallel LC circuit is characterized by the smaller 
of the two reactances. C] The voltage across a parallel LCR circuit is used as 
the phase reference. 


The currents in the three branches of a parallel LCR circuit are independent, 


and are found by: lj, = Expr /Xn; le = Expr /Xo; and In = Evpp/R. O The two 
reactive currents are added as in a parallel LC circuit: lj c = h, — lc, for Ir, 
larger than le; and lj. = le — |, for lẹ larger than lı. O The line current is 


. found by: liii; = Vh + du. The phase angle is found by: tan 0 = 
lic/lg; or tan 9 = R/X; or cos 0 — Z/R. It is leading or lagging, depending 
on the relative magnitudes of the inductive and capacitive currents. 


The impedance of a parallel LCR circuit is found by finding the net react- 
ance, X, of the L and C branches and combining it vectorially with R. The 
equation for the impedance is Z = XR/(VX? -- R=). O The circuit will behave 
as an RL or RC circuit, depending on which reactance is the smaller. © The 
impedance can also be found by Z — E\pp/tirs O The effect of frequency 
on a parallel LCR circuit is similar to that on parallel LC circuits, except that 


the maximum impedance can never be larger than the value of the resistance. 


review questions 


For Questions 1 to 5, consider a parallel LCR circuit with a resist- 
ance of 25 ohms, an inductive reactance of 50 ohms, and a 


capacitive reactance of 75 ohms. 


- What is the circuit impedance? 

. What is the net reactance of the circuit? 

» If the frequency is doubled, what is the impedance? 

- If the frequency is halved, what is the impedance? 

- If the capacitance is 2 microfarads, what is the inductance? 


For Questions 6 to 8, consider a parallel LCR circuit with an ap- 
plied voltage of 100 volts, and d line current of 20 amperes. 


6. If the phase angle is 30 degrees, what is the resistance? 

7. What is the power factor of the circuit? 

8. What is the apparent power of the circuit? 

9. For a parallel LCR circuit, the resistive, inductive, and ca- 
pacitive currents are 10, 22.5, and 15 amperes, respectively. 
What is the line current? 

- What is the phase angle of the circuit of Question 9? 
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LI 
i ircui ircuit, 
In a series resonant circuit, In a parallel fesonant circuit, j 
the voltage source is in the voltage source is in parallel with 
series with L and C "S L and C 


ITI 


This is a series resonant circuit since the voltage 


induced in L, which is a transformer secondary, cai 
be considered as a generator in series with L and 


———— Oe MÀ 


parallel resonance 


In parallel LC circuits, parallel resonance is the equivalent of serm 
resonance in series LCR circuits. However, the characteristics of paralle 
resonance are quite different from those of series resonance. 

For any given values of inductance and capacitance, the frequency i 
at which parallel resonance takes place is identical to the frequency | 
at which series resonance would take place for the same values of P 
and C. Therefore, parallel resonance can also be found by: 


1 
= VEC 


$ r 
equations you learned for finding É ? 


fn 


This being the case, the other 
C can also be used here: 


Ex 1 
L=— CE RM Cai 
Quir ipi EB 


Since it is sometimes difficult to distinguish series from paral 
resonant circuits, think of a series resonant circuit as one with E 
voltage source in series with L and C; and a parallel resonant circuit 
one with the voltage source in parallel with L and C. 


\ 
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the tank circuit 


The properties of a parallel resonant circuit are based on the action 
that takes place between the parallel inductance and capacitance which 
is often called a tank circuit, because it has the ability to store electrical 
energy. 

The action of a tank circuit is basically one of interchange of energy 
between the inductance and capacitance. If a voltage is momentarily 
applied across the tank circuit, C charges to this voltage. When the 
applied voltage is removed, C discharges through L, and a magnetic 
field is built up around L by the discharge current. When C has dis- 
charged, the field around L collapses, and in doing so induces a cur- 
rent that is in the same direction as the current that created the field. 
This current, therefore; charges C in the opposite direction. When the 
field around L has collapsed, C again discharges, but this time in the 
direction opposite to before. The discharge current again causes a 
magnetic field around L, which when it collapses, charges C in the 
same direction in which it was initially charged. 


(A) C is charged by (B) C discharges and builds (C) Field around L 
applied voltage up field around L collapses, charging. C 


* E 
(D) REIS and (E) Field around L Because of resistance in the circuit, the 
E field Collapses, circulating action diminishes, and a 
‘oun charging C damped series of sine waves is produced 


This interchange of energy, and the circulating current it produces, 
would continue indefinitely producing a'series of sine waves, if we 
had an ideal tank circuit with no resistance. However, since some re- 
Sistance is always present, the circulating current gradually diminishes 
as the resistance dissipates the energy in the circuit in the form of heat. 
This causes the sine-wave current to be damped out. If a voltage was 
again momentarily applied across the circuit, the interchange of energy 
and accompanying circulating current would begin again. 
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current and impedance 
. at resonance 


When an a-c voltage is applied to any parallel LC circuit having 
Zero resistance, the currents in the inductive and capacitive branches 
are equal to: 


Ij = E/X;, I; = E/Xc 


At resonance, X; equals Xe, so the two currents are also equal. And 
Since in a parallel LC circuit the two currents are 180 degrees out of 
phase, the line current, which is their vector sum, must be zero. Thus, 
the only current is the circulating current in the tank circuit. No line 
current flows. And if no line current flows, this means that the circuit 
has infinite impedance as far as the voltage source is concerned. 


At resonance, an ideal parallel. resonant 


circuit has zero line current and infinite IL 
impedance 
Z = EapPALINE L c 
= Eapp/D 
= Infinity lc 
With respect to the line current,lj and Iç are 180° 
out of phase. Their vector sum is, therefore, zero, 
Circulating 


Current making the line current zero 


Inside the tank circuit, I and Ic are actually one 
Current: circulating current, The value of this 
Current is either E/Xi or E/X¢ 


These two conditions of zero line current and infinite impedance are 
characteristic of ideal parallel resonant circuits at resonance. In prac- 
tical circuits, which contain some resistance, the theoretical conditions 
of zero line current and infinite impedance are not realized. Instead» 
practical parallel resonant Circuits have minimum line current av 
maximum impedance at resonance. You will recognize that this is e 
34 ATEVOSIF tO seties desonasi circaia "which ave mnaxtmum: Cul 
rent and minimum impedance at resonance. 
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current and impedance 
off resonance 


In the ideal parallel resonant circuit at resonance, the branch cur- 
rents, Ij, and Ic, are equal, so the line current is zero and the circuit 
impedance is infinite. Above and below the resonant frequency, one of 
the reactances (Xj, or Xo) is larger than the other. The two branch cur- 
rents are therefore unequal, and the line current, which equals their 
vector sum (or arithmetic difference), has some value greater than 
zero. And since line current flows, the circuit impedance is-no longer 
infinite. The further frequency is from the resonant frequency, the 
greater is the difference between the values of the reactances. As a result, 
the larger is the line current, and the smaller is the circuit impedance. 


If IL is smaller than lc: If Ic is smaller than Iņ: 


'cigcuLATING. ~IL leiRCULATING = I¢ 
lus clc - WL Itne ='L = dg = 
= Capacitive = Inductive 
current current 


The circulating current in the tank circuit equals the smaller of 
the two branch currents, The line current is equal to the differ- 

. ence between the two branch currents, and has the same phase 
relationship as the larger of the two 


The impedance at any frequency can be calculated from the equation 
you learned previously for the impedance of a parallel LC circuit. 
That is, E 


Where X, and X, are the reactances at the particular frequency in- 

volved. Also, as you learned for parallel LC circuits, the impedance 

is always greater than at least one of the reactances, instead of always 
! being less than both, as it is for other types of parallel a-c circuits. 
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current and impedance 
: off resonance (cont.) 


At frequencies off resonance, the line current is'equal to the differ- 
ence (vector sum) between the values of the branch currents, Cir- 
culating current:still flows in the tank circuit, and is equal to the 
smaller of the two branch currents, Thus, if J;, is 5 amperes and Ic 
is 3 amperes, the circulating current is 3 amperes and the line current 
is 2 amperes. In effect, the line current is that portion of the larger 
branch current that does not take part in the circulating current of 
the tank circuit. Since branch current L, is inductive and branch cur- 
rent I; is capacitive, the line current is inductive if Ij is larger (which 
means that X, is smaller than Xo), and capacitive if I, is larger (which 
means that Xe is smaller than XL). This is the opposite of series 
resonant circuits, which you remember are inductive when X, is 
larger, and capacitive when X, is larger. 


Circuit is. | Circuit is 
Inductive Capacitive 


fg 
! 


ZI 
Xo Larger than Xy 1 Xy. Larger than Xc 
USER ae 
R 
1 


Line Current ——3à&»- 


Frequency ——ms- 


Impedance ——$&- 


Frequency ———d» 


for the parallel r 
frequency curve for serie 


H 5.-frequency curve for a parallel Circuit is the same as the current-V^ 
Tequency curve for Series circuits, 
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practical 


. . 
parallel resonant circuits 
: Z 

Practical parallel resonant circuits differ from the ideal parallel cir- 
cuit, just described in. one major respect: practical circuits contain 
resistance. This resistance is contained in the inductance, the capaci- 
tance, and the interconnecting wires. Normally, however, only the re- 
sistance of the inductance is large enough to be considered. In ana- 
lyzing a circuit, this resistance is considered to be in series with the 
inductance. A practical parallel resonant circuit, therefore, consists 
of a. purely capacitive branch, and an inductive branch that is actually 
a series RL circuit. You will remember from what you have learned 
about the 10:1 ratio, that if the inductive reactance of the inductance 
is 10 times or more greater than its resistance, the resistance can gen- 
erally be neglected. The circuit could then be analyzed in the same, 
manner as the ideal parallel resonant circuit. For purposes of explana- ` 
tion, though, we will include. the effects of the resistance regardless 
of its value relative to Xj. 


Ideal Circuit Practical Circuit 
Purely Inductive Es RL 
Brandi ircuit — 
Purely 
Purely Capacitive Capacitive 
Branch 3p Branch 
C a 
AT RESONANCE: Line current is 0 AT RESONANCE: Line current is minimum 
Impedance is infinite Impedance is maximum 


The principal effect of the resistance in a parallel resonant circuit 
is that it causes the current in the inductive branch to lag the applied 
voltage by a phase angle of less than 90 degrees, instead of exactly 
90 degrees as is the case in the ideal circuit. As a result, the two 
branch currents are not 180 degrees out of phase. For simplicity, reson- 
ance can still be considered as occurring when X; equals Xe, but now 
when the two branch currents are added vectorially, their sum is not 
zero. This means that at resonance some line current flows. And since 
there is line current, the impedance cannot be infinite, as it is in the 
ideal Circuit. Thus, at resonance, practical parallel resonant circuits have 
minimum line current and maximum resistance, instead of zero line 
current and infinite impedance, as do ideal circuits. ; 
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practical | 
parallel resonant circuits (cont.) 


At resonance, the line current in a practical parallel resonant circuit 
is in phase with the applied voltage. The reason for this is that since 
Xy and X, are equal, the reactive (inductive) component of the cul 
rent in the RL branch is equal to, and cancels, the current (capacitive) 
in the capacitive Eranch. Only the resistive component of the current 
in the RL branch, therefore, flows in the line. Since the capacitive 
branch contains no resistance, the current in it is equal to: 


Io = E/Xg 
The current in the inductive branch is calculated the same as in anY 
series RL circuit, and so is equal to: 


Ij =E/ VR? + X; 


The line current can then be found by adding the two branch currents 
vectorially. However, the branch currents differ in phase by less than 
180 degrees, but more than 90 degrees. Therefore, to add them vectori- 
ally you cannot use the Pythagorean Theorem, since it applies only 
to quantities 90 degrees apart, and you cannot subtract them arithme- 
tically, since this only applies to quantities 180 degrees apart. They 
can, however, be added by first being resolved into their vertical and 
horizontal components, then adding the components, and finally find- 
ing the resultant of thé total components. Addition of vectors by com- 
Ponents was described earlier. At resonance, the calculation of the 
line current, as well as the circulating current in the tank and the 


Circuit impedance, can be done much more easily by using the Q of 
the circuit. 


Branch currents are added 
the line current in practical 


Vectorially. by components to find 
Parallel resonant circuits 


Xc = 2000 
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practical 
parallel resonant circuits (cont. ) 


The branch currents, I; and Ig, of the circuit on page 4-138 are 
E 100 
Tu VEF XE V(80)7-: (80035 0.486 ampere 
tan 0 = X;/R = 200/50 = 4 0 — 76°; current lagging voltage 
I, = E/X; = 100/200 = 0.5 ampere 


The horizontal (H) and vertical (V) components of the branch cur- 
remts are 


Itm) =I, cos 0 = 0.486 x 0.242 = 0.118 ampere 
Irov) =I sin 6 = 0.486 x 0.97 —0.47 ampere 


Tova = 0; no resistive component Iov) = 0.5 ampere 


Epp it 
RA c DO L(H) ; 
1 
Itv) | Ici) =| 
C(V) *'c 
ju Xc | 
L i] (No resistive 
A component) 
Eapp ————— 


The total horizontal and vertical components are 


Thora) = IL) + Iom) = 0:118 + 0 = 0.118 ampere 
Lror(y) = Iov) — In) = 0.5 — 0.47 = 0.03 ampere 


The minus sign of equation Tror(y) indicates that L,(y, vector points 
down, or lags the voltage. 


The resultant of the total components, which is the line current, is 


— 2 z 
hass— (Troma + Loro, = (0118)? +(0.08)? =0.123 ampere 


The phase angle between the line current and the applied voltage is 


y I 0.03 
t id TOT(V) — 
ane pee 0 Obits 


0 — 14.3*5; current leading voltage 


trorty) | se | 
hea ; SS TOT(V) 
T(H) EAS PAN 


— 0.254 
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the resonance band 


You will remember that for every series resonant circuit there i T 
range of frequencies above and below the resonant frequency at v P 
for practical purposes, the circuit can be considered as being E. E 
onance. This range of frequencies was called the resonance ban X 
bandpass, and consisted of all the frequencies at which the circ i 
current was 0.707 or more times its value at resonance. Parallel re 
onant circuits also have a resonance band; but it is defined in tem 
of the impedance-vs.-frequency curve, and consists of all the frequen: 


cies that produce a circuit impedance 0.707 or more times the im 
pedance at resonance. 


(A) Bandpass is measured on (B) Resistance affects the 
the impedance-frequency curve. Shape of the impedance-frequency 
1 curve 
Resonant Resonant 
z Frequency Frequency 
Maximum (f) 
Impedance ^ 
Low Resistance 
at Resonance ij Circuit 
0.707 of ^ 
Maximum S : 
Impedance s Medium Resistance 
e Y Circuit 
E 


High Resistance 
Circuit 


f- 


Frequency ———— 9 


+-— Bandpass Circuit resistance affects the 


width and steepness of the 


<- —4 
The bandpass consists of all 
those frequencies corresponding 


impedance-frequency curve 
to 0.707 of the impedance at 

resonance 
(fp) ( C) So resistance affects the circuit bandpass 


Low 
RESISTANCE 


(R) nenium 
CIRCUIT 1 


RESISTANCE 
CIRCUIT 


Bandpass 


dpass 4 


Narrow — Medium ; Wide I- 
Bandpass Bandpass -| d 


The greater the circuit resistance, the wider the ban 
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the Q of a 
parallel resonant circuit 


The Q, or quality, of a series resonant circuit, you will recall, is de- 
termined by the ratio of the voltage across either X, or Xo to the 
applied voltage. For parallel resonance, the Q also measures the quality 
of a circuit. However, in parallel resonant circuits, Q is not determined 
on the basis of voltage, but rather on the basis of current. The Q of 
a parallel resonant circuit is defined as the ratio of the current in the 
tank to the line current. Thus, 


Q—I 


where I, is the circulating current in the tank. Mathematically, this 
equation can be converted to the form: 


TANK /Tr NE 


Q—X,/R 
A High Q Means a Narrow Bandpass 7 
R 
X - 10000 

Xo = 10002 

E 

= 

B 

Frequency —————»9- 


The Q of a parallel resonant circuit is its ability to discriminate 
between resonant and nonresonant frequencies. The Q is the ratio of 
lank t Lines but can be calculated more easily from the 
equation Q = X, /R. In terms of its Q, the bandpass of a 

parallel resonant circuit is Bandpass = fp/Q. 


You will recognize this as the same equation used for the Q of a series 
resonant circuit, As a result, resistance has the same effect on the Q 
of a parallel resonant circuit as it does on a series resonant circuit. 
The lower the resistance, the higher is the Q of the circuit, and the 
natrower is its bandpass. Conversely, the greater the resistance, the 
lower is the Q, and the wider is the bandpass. 
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the Q of a 


parallel resonant circuit (cont.) 


4 
If the Q of a circuit is known, the bandpass can be calculated by 
the equation: 
Bandpass (cps) =f,/Q 


Circuits with high Q's, therefore, can discriminate between resonant 
and nonresonant frequencies better than circuits with low Q's. In prac- 
tical applications, when the Q of a parallel resonant circuit is 10 or 


greater, this resistance can be neglected, and the circuit considered as 
an almost ideal parallel resonant circuit. 


A Low Q Means a Wide Bandpass 


if f 
Xe 10000 n 


Impedance 


.: Frequency ————> 


_ Once the Q is known, the values at resonance of the other important 
ci 


rcuit quantities can easily be found. These quantities are the im- 


pedance (2), the tank current (Lr xx), and the line current (lune) 
The equations for impedance in terms of Q are 


Z-—QX, 
Z=QX, 


The equation for Lxx in terms of Q is 


or 


Thank = Qhine 
The equations for Thins in terms of Q are 
Inn =E/ QX, 
Thine =E/ QX, 


or 
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solved problems 


Xy -800 
200 Vol 
olts Xo = 800 


R =50 


Problem 35. Is this circuit at resonance? 

Remember that here X, and X; are equal only at resonant frequency. 
Since X;, and X; both equal 80 ohms, the circuit must be at resonance. 
Problem 36. What is the value of the current flowing in the tank? 

One way to solve this problem is to use the equation Ipayx = QIyyp. 


_ Of course, Q and I,;x_ must be determined first: 


Calculating Q: . 
Q — X,/R = 80/5 — 16 
Calculating Inin: 
Inne = E/Z = E/QX, = 200/(16 x 80) =0.156 ampere 
Calculating Ipayx: 
Tank = Qlrinz = 16 X 0.156 = 2.5 amperes 


. Thus, with only 0.156 ampere in the line, 2.5 amperes flow in the tank. 


Problem 37. If the resonant frequency is 2000 cps, what is the 
circuit bandwidth? 
Using the Q of the circuit, calculate bandwidth from: 
Bandwidth (cps) = fy/Q = 2000/16 = 125 cycles 
The bandwidth, therefore, extends from about 1938 cps (2000 — 62.5) 
to about 2063 cps (2000 + 62.5). 
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comparison of series and 
parallel resonant circuits 


PROPERTIES AT RESONANCE : 


Parallel —— 
Resonant Circuit 
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summary 


t The properties of a parallel resonant circuit are based on the interchange 

-* of energy between an inductor and capacitor connected in parallel across a 
voltage source. Such a circuit is often called a tank circuit. For a given 
inductor and capacitor, the frequency at which parallel resonance occurs can 
be found by: fy = 1/(27 VIC). Theoretically, a parallel resonant circuit 
has infinite impedance and zero line current. Practical parallel resonant cir- 
cuits, however, exhibit maximum impedance and minimum line current at 
resonance. For frequencies above or below the resonant frequency, the 
line current of a parallel resonant circuit increases progressively, while its 
impedance decreases. 


Practical parallel resonant circuits contain resistance, as well as inductance 
and capacitance. Normally this resistance is the resistance of the inductor 


wire, and can be considered as being in series with the inductance. The 
principal effect of the resistance is that at resonance the two branch currents 
are not 180 degrees out of phase, so line current flows in the circuit. O The 


magnitudes of the branch currents can be found by: lẹ =E/X, and |, = 
E/(VR* + X2). O The line current can be determined by adding the line 
currents vectorially. 


i 
O The bandpass of a parallel resonant circuit consists of all frequencies that 
produce a circuit impedance 0.707, or more, times the impedance at reso- 
nance. The bandpass can be found from the Q of a circuit by: Bandpass 
(cps) = fu/Q. The Q, or quality, of the circuit is the ratio of the circulating 
current in the tank (ly,yx) to the line current (15;5:), Or: Q = lran / Iron: 


review questions 


. What is an ideal parallel resonant circuit? 

. How does a practical parallel resonant circuit differ from an 
ideal one? 

- What is the resonant frequency of a 50-microfarad capacitor 
and 50-millihenry coil connected in parallel? 

. How is the circulating current produced in a tank circuit? 

. What is meant by damping in a tank circuit? 

. Draw an impedance-vs.-frequency curve for a parallel reso- 
ant circuit. 

. How is bandwidth of a parallel resonant circuit defined? 

. What is meant by the Q of a parallel resonant circuit? 

. How is Q related to resistance? To bandwidth? 

- If a. parallel resonant circuit has a frequency of 1000 cps 
and a Q of 10, what is its bandwidth? 
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series-parallel RL, RC, 
and LCR circuits 


All of the parallel circuits covered in this volume, with one excep- 
tion, have consisted of branches that were purely resistive, purely in- 
ductive, or purely Capacitive. You will find that in actual practice 
parallel branches often contain more than one of the circuit quantities 


of resistance, inductance, and capacitance. Actually, then, these 
branches are series circuits. 


These are ali Series-parallel circuits. They can be solved using 
a combination of the techniques you have leamed in this volume 


Parallel circuits that contain branches that are not purely resistive, 
inductive, or capacitive are called series-parallel circuits. To solve such 
Circuits you use a combination of the methods you have learned in this 
volume. You first treat the branches as series circuits, and solve for the 
desired branch quantities, such as current or impedance. Once you 
know the branch currents and impedances, you treat them as parallel 
quantities and solve for the overall circuit current and impedance 
using the methods you have learned for parallel circuits. 

Another form of a series-parallel circuit is basically a series circuit 
but with one or more parallel elements in series with the series ele- 
ments. To solve this type of circuit, you first solve the parallel portions, 
and then use the values you obtain to solve the overall series circuit. 


z You will find that the big difference between solving series-parallel 
circuits and regular series 


circuits, the angles between 
-are not 180 or 90 d 
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tuned circuits 


Up till now, you have studied series and parallel LC resonant circuits 
using fixed inductors and capacitors, where the resonant frequency 
was determined by the value of the parts used. However, variable in- 
ductors or capacitors can be used in resonant circuits so that the values 
can be changed. If you use variable parts, the resonance point will also 
be changed, and the circuit can be tuned to any band of frequencies. j 
Tuning can be accomplished with either a variable capacitan or in- 
ductor, or both. Quite often, at high frequencies, only a coil is used 
to form a tuned circuit. In such a case, the inductance of the coil 
resonates with the capacitance that is produced between the windings 
of the coil. ‘ ; 2 . 

Sometimes, a tapped coil is used with a capacitor that is switched 
across different segments of the coil to change the frequency range. 
Then, usually, the coil or capacitor is fine-tuned to set the resonant point 
at the precise frequency. By the same token, new parts can be switched 
in and out of the resonant circuit for the same purpose. 


vx M THIS COIL 
i .E--- resonates 
7T CELL wins inter 
IPIE WINDING 
L-I __9 CAPACITANCE 


f— 
If variable capacitors or inductors are used in resonant circuits, 


the resonance point and bandpass frequencies can be changed to 
a variety of frequencies by a simple adjustment. 
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filter circuits 


5 

As used in electrical circuits, the term filter means to offer large 
opposition to, or reject, voltages and currents of certain frequencies, 
and at the same time offer little opposition to, or pass, voltages and 
currents of other frequencies. Circuits which have this capability are 
called filter circuits. Filter circuits are divided into various groups, 
according to the frequencies they pass and reject. One such group 
passes all frequencies up to a certain frequency, and rejects all above 
that frequency. This type of filter is called a lowpass filter. Another 
group of filters rejects all frequencies up to a certain frequency, and 
passes all those higher than that frequency. These are called highpass 
filters. Other filters. pass certain ranges, or bands, of frequencies and 
reject all frequencies outside of the band. Such filters are called band- 
pass filters. Still others reject a band of frequencies, and pass all fre- 
quencies outside of the band. They are band-reject filters. These, then, 
are the principal types of filter circuits. 


Filter Circuits Pass Certain Frequencies and Reject Others 


LOWPASS FILTER HIGHPASS FILTER 


Load Load 


Inductors and Capacitors are the most commonly used parts in 
filter circuits because of the variation of their inductive reactance and 
Capacitive reactance with frequency. The way in which they are con- 
nected with respect to the load determines whether they function as 
lowpass, highpass, bandpass, or band-reject filters. 

A capacitor connected across a load can act as a lowpass filter, since: 
at low frequencies X, is very high, and, essentially, the capacitor has 
no effect on the circuit, Above a certain frequency, though, X, de- 


creases to the point where most of the current flows through it instead 
of through the load. : 


The same capacitor can ai 
n series with the load. 
load current low. Above 
the capacitor is essential 


ct as a highpass filter if it is connected 
Now the high X. at low frequencies keeps the 
à certain frequency, though, X, is so low that 
ly a short circuit. Load current is then high. 


FILTER CIRCUITS 
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F cy. 
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E shunts most of the current ance of the simple L and C. 
around the load. At high frequen- — circuits. 

cies, XL is large, andL has no 

effect on the circuit 


BANDPASS FILTERS 
Series Resonant Circuit 


Parallel Resonant Circuit 


' At frequencies within the resonance band 
| of the series resonant cirak, the imped- 
ance is low, so load current is high, At 
frequencies outside of the resonance 
band, the resonant circuit lias a high im 
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At frequencies within the resonance band of 
the parallel resonant circuit, the impedance 
is high, so the resonant circuit has ho 
effect on the load current... At frequencies. 
outside the resonance band, the impedance: 
15 low, so nost of the current is shunted 
around the load 
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BAND-REJECT FILTERS 


Parallel Resonant Circuit 


Series Resornt Circuit 


Load Current 


Frequelicy ——32- 


At frequencies in the resonance band, the 
impedance is. low, so most of the current 

is shunted around the loadi At frequencies 
Outside the resonance Land, the impedance. 
is high, so the resonant. Circuit has tio effect 
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transformer vectors 


You recall that the theory of operation of ordinary transformers was 
given in Volume 3. Transformers were described then strictly on the 
basis of the current and voltage waveforms that exist in the primary 
and secondary. Transformer voltages and currents can also be repre- 
sented by vectors, as shown below. When this is done, the primary 


voltage is used as the zero-degree phase reference, and the other voltage . 


and current vectors are shown in relation to it. 

In a transformer with a very small secondary current flowing, the 
primary current lags the primary voltage by 90 degrees, and the seci 
ondary current lags the secondary voltage by 90 degrees. Furthermore, 
the primary and secondary voltages are 180 degrees out of phase. On 
a vector diagram, therefore, the four vectors representing the currents 
and voltages are mutually perpendicular, as shown. As the secondary 
current increases, assuming that the secondary load is resistive, the 
current in the secondary begins to go resistive. As a result, it no longer 
lags the secondary voltage by 90 degrees. The more current that flows 
in the secondary, the more resistive it becomes, and the smaller. the 
angle between the secondary voltage and currerit becomes. You will re- 


Secondary Current 


When the secondary current is very small, 
Primary both the primary H the secondary currents 
Voltage are purely inductive, and so lag their re- 
spective voltages by 90° 


Secondary 
Voltage 


Primary Current 


ee I I 


When the rated current flows in the secondary, 


Secondary Current 
both the primary and secondary currents are Primary 
basically resistive, As a result, they lag Voltage 
their respective voltages by only a small Secondary 
phase angle Voltage Primary 
Current 


member that when the second 
created in the Secondary wind: 
crease by effectively reducin 
winding. With 
also becomes more resistive 


ary current increases, the magnetic field 
ing causes the primary current to also in- 


TRANSFORMER VECTORS 4-151 


EL — 


ZO 


In tuned transformers, the output, or secondary voltage (Es) IS not 
actually the voltage induced in the secondary winding (Ej). Be- 
cause the secondary circuit is a series resonant LC circuit, the 
voltages developed across the inductor and capacitor are greater 
and differ in phase with the induced voltage. The voltage across 
the capacitor is actually the output voltage and it is 90 ahead 

of the primary voltage at resonance 


resonant transformer vectors 


It was repeated on the previous page- as you learned in Volume 3, 
that the transformer primary and secondary voltages are 180 degrees 
out of phase. But at resonance; this is not completely true because the 
voltage induced in the secondary is not the voltage across the coil. 
The voltage induced in the coil can be considered as an applied voltage 
to a series LC resonant circuit, so that the voltages developed across, 
the coil and capacitor are much greater than that induced in the coil. 
The output of the transformer is actually the voltage developed across 
the capacitor, which has a different phase angle than the induced 
voltage. Let's work it out. 

In the primary tank circuit, the current in the coil (I) lags the 
Voltage across the coil (E,) because the current is inductive. The 
Primary current then induces a voltage in the secondary circuit (E) 
that is 180 degrees out of phase with the primary voltage, just as in 
a regular transformer. But since this is a tuned circuit, the induced 
voltage is applied as a source voltage to the inductor and capacitor in 
Series. This causes a current to flow in the secondary circuit (I,). But 
at resonance, the circuit is resistive, so the secondary current (1,) is 
in phase with the induced voltage (E;). 


Ep BRL Ep 
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resonant 
transformer vectors (cont.) 


DES. 
E 
Ep 


$e 


Voltages are then dropped across the inductor and capacitor, but 
because of the phase relationships of current and voltage in these com- 
ponents, the drop across the inductor (E) leads the current (I,) by 
90 degrees, and the drop across the capacitor (Ec) lags the current (I,) 
by 90 degrees; this is the same as in an ordinary series LC circuit. The 
Capacitor voltage (E,.), then, also lags the induced voltage (Ej) by 90 
degrees. And since the induced voltage (E;) and the primary voltage 
(E,) are 180 degrees apart, the capacitor voltage (Ec) leads the primary 
voltage (E,) by 90 degrees. Since the output, or secondary voltage, is 
actually the voltage developed across the capacitor, then the secondary 
voltage (E,) leads the primary voltage (E,) by 90 degrees in a tuned 
transformer at resonance, 


Ec or£s 


Freq. below Resonance 


Ep 
Freq. above Resonance 
Ip 


Off resonance, though, the secondary circuit is no longer resistive, 


so the current (1,) will not be in phase with the induced voltage (Ei): « 


As a result, the voltages developed across the inductor and capacitor 


will be more or less than 90 degrees away from E,, depending on bow 


d i tuning is off resonance. Since it is a series resonant circuit, 
ri Ower the frequency is off resonance, the more capacitive it be- 

omes, and E, will go toward 180 degrees away from E,. For thé 
higher frequenci 


th es, the circuit becomes inductive, and E, will approach 
© same phase as E. 


} 
$ \ 
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In an electric circuit, power is delivered by the source to the load, 
or loads. For the case of a simple circuit with a single resistive load, 
the power delivered is P = EI = PR, where R is the resistance of the 
load. The power, therefore, depends on the current and the resistance 
of the load. Since the current increases when the load resistance de- 
creases, you may think that the smaller the load resistance was made, 
the larger the power would be. This would be the case, were it not for 
the internal resistance of the source. The source resistance is in series 
with the load resistance, so it also affects the current, and thus the 
power delivered to the load. The combined effect of the load and source 
resistances is such that maximum power is delivered to the load when 
the load impedance equals the source impedance, When the two im- 
pedances are equal, they are said to be matched. As you will find later 
in your electrical work, very often a low-impedance source must be 
matched to a high-impedance load, or vice versa. This could be done 
by using a source having the desired impedance, but generally this is 
impractical. A very common way to match the impedance of a load to 
the impedance of the source is by using a transformer. You will recall 
from Volume 3 that the impedance ratio between the primary and 
secondary of a transformer depends on the turns ratio of the trans- 


formers, according to the equation: 


VZ,/Z, — Np/Ns 


This Source and Load 
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Therefore, by using a transformer with the appropriate turns ratio. 
you can obtain any desired values of primary and secondary im. 
pedances.-If the transformer primary is connected to the source, it 
serves as the load for the source, and if it has the same impedance as 
the source, maximum power is transferred to the primary. Similarly, 
if the secondary is connected to the load, it serves as the source for 
the load. And if the secondary impedance equals the load impedance, 
maximum power is transferred to the load. 


This Source and Load 
Can Be Matched 


You can see that transformers 


are useful for matching impedances 
between the source 


and the load. In addition, transformers can step up 
or step down the source voltage to the value the load needs. However, 
since both impedance and voltage matching depend to a great extent 
on the turns ratio, the transformer is often designed to compromise. 
Quite often, though, better matching can be obtained if tuned or 
resonant transformers are used. With such transformers, the primary 
winding is usually part of a parallel tank circuit, and the secondary 
winding is a series resonant circuit. The turns ratio can be set for the 
best voltage match, since the proper impedances of the resonant cir- 


cuits can be set by controlling the Q's of the coils. In addition to this, 
since the primary winding is part of 
a high tank current for 
Winding is part of a series 


JE A 3 
à parallel resonant circuit, it ha 
better inductive coupling. And the secondary 


resonant circuit, so it produces a voltage ga!" 
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summary 


[] Series-parallel RL, RC, and LCR circuits contain both series and parallel 
combinations of resistance, capacitance, and inductance. [] When solving 
series-parallel circuits, vector additions of voltages, currents, and impedances 
usually have to be performed by first resolving the various quantities into their 
components. [] Tuned circuits are resonant circuits whose resonant frequency 
can be changed. This is accomplished by making either the capacitor or induc- 
tor in the circuit variable. 


Filter circuits reject voltages or currents of certain frequencies, while pass- 
ing voltages-or currents of other frequencies. [] Lowpass filters pass all fre- 
quencies up to a certain point, and reject all higher frequencies. Highpass 
filters reject all frequencies up to a certain point, and pass all higher fre- 
quencies. [] Other types of filters are bandpass. and band-reject filters. 
Transformer voltages and currents can be represented by vectors. When this is 
done, the primary voltage is used as the phase reference. £] In resonant 
transformers, the primary and secondary voltages are not 180 degrees out of 
phase. Instead, the secondary voltage leads the primary voltage by 90 degrees 
at resonance. 


t] Transformers are often used to match the impedance of a source to that 
of a load. Such impedance matching is accomplished by using a transformer 
having the appropriate turns ratio. The impedance ratio between a trans- 


former primary and secondary depends on the transformer turns ratio accord- 
ing to the equation: VZ,/Z, = N,/N.. 


review questions 


1. What is a series-parallel RL, RC, or LCR circuit? Draw a 
a schematic diagram of one such circuit. 
Draw another type of scries-parallel RL, RC, or LCR circuit. 
What is a tuned circuit? Draw a schematic diagram of such 
a circuit. 
4. Why are tuned circuits used? 
5. What is a filter circuit? 
6. Draw the frequency response curve of a band-reject filter. 
Of a lowpass filter. 
7. Describe a simple lowpass filter and its operation. 
8. A capacitor connected in series with a load is what kind of 
filter? 
9. Draw a vector diagram for a typical transformer. 
10. What is meant by impedance matching? Why is it impor- 
tant? 
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